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Abstract

In this paper we addressthe task of solv-
ing the generalTemporal ConstraintSatisfction
Problem (TCSP). We report the integration of
three approachego improve the performanceof
the exponential-timepacktracksearch BT-TCSP)
proposedy Dechteret al. [1991] for this purpose.
The rst approachconsistsof using a new ef-
cientalgorithm( STP)[Xu andChoueiry 20034
for solving the Simple Temporal Problem(STP),
an operationthat must be executedat eachnode
expansionduring BT-TCSP The secondapproach
improves BT-TCSPitself by exploiting the topol-
ogy of thetemporalnetwork. Thisis accomplished
in threeways: nding and exploiting articulation
points (AP), checkingthe graph for new cycles
(NewCyc), andusinga new heuristicfor edgeor-
dering(EdgeOrd).Thethird approachs a Itering
algorithm, AC, whichis usedasa preprocessing
stepto BT-TCSR andwhich signi cantly reduces
the sizeof the TCSP[Xu andChoueiry 20034. In
additionto introducingtwo new techniquesNew-
Cyc and EdgeOrd,this paperdiscussesn exten-
sive evaluationof the meritsof the above threeap-
proachesOur experimentson randomlygenerated
problemsdemonstratsigni cant improvementsn
thenumberof nodesvisited,constrainchecksand
CPUtime.

1 Background and motivation

A SimpleTemporalProblem(STP)is de ned by agraph
where is a setof vertices representingime
points; is asetof edges  representingonstraintsbe-
tweentwo time points and ; and is a setof constraint
labelsfor the edgesFig. 1 (left). A constraintlabel of

.

Figurel: Left: STP Right: TCSP

edge is auniqueinterval , , anddenotesa
constraintof boundeddifference ( . A Tem-
poral ConstraintSatishction Problem(TCSP)is de ned by
asimilar graph = , Whereeachedgelabel =

, is a setof disjoint intervals denotinga
d|SJunct|onof constraintsof boundeddifferenceshetween
and , Fig. 1 (right). We assumehatthe intervalsin alabel
aredisjoint andorderedn a canonicalway. Thefollowing is
atypical example:

Tom has classat 8:00 a.m. He can either male
breakfastfor himself(10-15minutes)or getsome-
thingto eatfromalocal store (lessthan5 minutes).
After breakfast(5-10 minutes),he goesto school
either by car (20-30 minutes)or by bus (at least
45 minutes).Today Tomgetsup betweerv:30and
7:40.

Wewishto answeiqueriessuchas:“CanTomarriveatschool
in time for class?”"Is it possiblefor Tom to take the bus?”,
“If Tomwantedto save money by makingbreakfstfor him-
self and taking the bus, when should he get up?”, and so
on. This temporalproblemcanbe represente@s a tempo-
ral graph.

Let  beareferencetime-point(e.g.,6:00am), the
time pointTomgetsup, thetime pointhe startshis break-
fast, thetime pointhe nishesit, and thetimepointhe
arrivesatthe school.Fig. 2 shavs thetemporalgraphof this
TCSP

[10, 15]U [0, 5]

[0, 120]

Figure2: A TCSPexample

Dechter[2003 describeda backtracksearchprocedure
(BT-TCSP)for solving a TCSR which is an NP-hardprob-
lem. To this end,the TCSPis expressedasa ‘meta’' Con-
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Figure3: Theseach treefor the exampleof Fig. 2.

straintSatishctionProblem(meta-CSP)Thevariablesof the
meta-CSRaretheedges  of . Theirnumberdependsn
the densityof the temporalgraph. The domainof a variable

isits label, = v . A partial solution

isaset of variable-waluepairs(vvps)thatform a
consistenSTR which is a global constaint. A completeso-
lution is a consistenSTPin which all theedgesof appear
The minimal network of the TCSPis the union of the mini-
mal networksof all completesolutions andsolvingthe TCSP
requiresnding all the solutionsof the meta-CSPEachnode
in thetreegeneratedy BT-TCSPis anSTP  thathas
edgesasubsetf theedgef theoriginalnetwork ( ),
eachlabeledwith auniqueinterval fromits domain.When
is consistentthe nodeis expandedby addingto  anedge
from labeledwith aninterval from its domain.This
yieldsanew STPthatis checledagainfor consisteng. Fig. 3
illustratesthe tree correspondingo the exampleof Fig. 2,
whereedgesareconsideredn their lexicographicabrder

In this paper we combinethe following techniquego im-
provethe performancef BT-TCSR anddemonstratéheir ef-
fectivenes®n randomlygenerategbroblems:

1. Everynodein thetreeis an STPthatneedgo be solved
beforethe searchcanproceed.Hence the performance
of a TCSPsolver depend<ritically on that of the STP
solver. We comparefor the rst time the performance
of variousknown STP solvers, including a nev one,

STP, thatwe proposedn [Xu andChoueiry 20034.
We show thatit outperformsall others.Notethattheper
formanceof the STP solver doesnot affect the number
of nodesvisitedin BT-TCSP

2. Onewell-known techniqueto improve the performance
of a CSPis to decomposeit into sub-problemsus-
ing its articulationpoints [Even, 1979; Freudey 1985;
Dechteret al., 1991], andto solve the sub-problemsn-
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dependentlyWe provide for the rst time anempirical
evaluationof the effectivenes®f this technique.

3. Furtherexploiting thetopologyof thetemporainetwork,
we showv how to avoid runningan STP-soler by check-
ing theexistenceof new cycles(NewCyc)in thenetwork
asedgesareaddedalonga given pathin the tree. For
the exampleshawn in Fig. 3, the rst four consisteng
checksare unnecessarypecausdhereare no cyclesin
therespectie networksandthe correspondings TPsare
alwaysconsistent.

4. Anotherwayto improvetheperformancef BT-TCSPis
to nd agoodvariable-orderindneuristicfor the search.
This corresponds$o asequencingf ,theedgesof
asthey areaddedalonga givenpathin thetree. A good
sequenceeducesinnecessarlgacktrackingandalsothe
numberof constrainichecks We introducea new order
ing heuristic (EdgeOrd)that exploits the adjacenyg of
existing trianglesin the graphto determinethe ordering
of theiredgesn thetree.

5. We reducethe domainsof the variablesof the meta-
CSPby usingtheefcient Itering algorithm, AC,de-
scribedn detailin acompaniorpaper Xu andChoueiry
20034

Thecontributionsof thispapercanbesummarizeésfollows:

1. A new technigudor saving constraintheckdNewCyc)
andanew orderingheuristic(EdgeOrd).

2. Thecombinationof the above listedtechniquegi.e., an
STP-soler, AP, NewCyc, EdgeOrdand AC) to solve
the TCSP

3. Empiricalevaluationandanalysisof the effectivenes®f
thesetechniquesaindtheir combinationgo demonstrate
their signi cance.
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This papeiis structuredasfollows. Section2 reviewsthevar-
ious STP-solerswe used. Section3 discusseshe threeim-
provementghatexploit thetopologyof thetemporahetwork.
Section4 summarizes ltering algorithmthatis morethor
oughlydiscussedn [Xu andChoueiry 20034. Section5 de-
scribesour experimentsandobsenations. Finally, Section6
concludeghis paper

2 Algorithms for solvingthe STP

TCSPis NP-hardandis solvedwith backtracksearch Every
node expansionin the searchtree needsto checkthe con-
sisteng of an STP Thus a good STP solver is critical for
solving the TCSP We testthe following STP solvers: Di-
rectedPath Consisteng DPC[DechterandPearl,198g, Par
tial Path Consisteng DPC[Bliek and Sam-Haroud 1999,
andTriangle-STP STP[Xu andChoueiry 20034.

2.1 Solvingthe STP using Dir ectional Path
Consistency(DPQ

A basicalgorithmto solve an STPis the Floyd-Warshallal-
gorithm (F-W), which computesall-pairsshortest-paths a
distancegraph[Cormeretal., 2001]. F-W guaranteesonsis-
teng/, minimality, anddecomposabilittandhasa worst-case
compleity of . Montanarishoved that F-W is a spe-
cial caseof the Path Consisteng (PC) algorithm[Montanari,
1974. Dechteret al. proposethe Directed-Rith Consisteng
(DPQ algorithm. This algorithmis never more costly than
F-W, runsin , andcandetermingheconsisteng of an
STPin , Where is the inducedwidth of
thegraphalonga givenordering . DPCdetermineghe con-
sisteny of the STP but doesnot necessarilyield the mini-
mal anddecomposablaetwork. Dueto thefactthatonly the
consisteng of an STPmattersduringBT-TCSR we useDPC
insteadof F-W becausef its lower cost.

2.2 Solvingthe STP using Partial Path
Consistency(PPQ

Bliek and Sam-HaroudntroducedPartial Path-Consistenc
(PPQ, analgorithmapplicableto generalCSPs(andnot re-
strictedto temporalnetworks) [1999. PPCworks on a tri-
angulatedgraph, unlike the PC algorithm which requiresa
completegraph.Further Bliek andSam-Haroudghowvedthat
whenthe constraintsarecorvex, the PCalgorithm(operating
onthe completegraph)andthe PPCalgorithm(operatingon
thetriangulatedgraph)yield equivalentresults:the samela-
belingfor theedgessommonto bothgraphsandthe minimal-
ity anddecomposabilitpf the STP PPCneverrequireamore
constraintchecksthan PC, which is advantageousvhenthe
(triangulated)graphis sparse.This is particularly attractve
in BT-TCSR whichrequiressolvingan STPat eachnode.

PPCrequireghatthegraphbetriangulatedwhichmayre-
sultin new edgeseingaddedo thegraph.Wetriangulatethe
temporalnetwork usingthe algorithmdevisedin [Kjaerulf,
199d. We representhenew edgesasuniversalconstraintsn
theoriginal constrainigraphandsettheir labelto

In thetreegeneratedby BT-TCSR eachnoderepresentsn
STPwhosegraphaddsexactly one edgeto the graphof the
parentof the node (and mustbe triangulatedto be usedby
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PPQ. Assumingastaticorderingin thetree,thetotalnumber
of graphghatappeanlongary givencompletepathis exactly
equatlto thenumberof edgesn theoriginal problem.Further

all nodesat a given level of the searchtree have the same
graph(only the edgelabelingsmayvary). Thus,understatic
ordering, the numberof possiblegraphsconsideredduring

the BT-TCSPprocessds exactly equalto the total numberof

edgedn thetemporalnetwork.

We devise two methodsfor accessinghe triangulations
of the STPsneedin given a static ordering, Fig. 4. In the
rst method,Plan A, we pre-computell the STPsneededn
searchtriangulatethem,andstoretheirtriangulationdor use
during search.In the secondmethod,Plan B, we triangulate
the entirenetwork only once. We, theninduce,from the tri-
angulatedgraph,the subgraphwhoseverticesform the STP
underconsiderationSincethe original graphis triangulated,
eachinducedsubgraphs alsotriangulated.

PlanA: Givenavariableordering , thelist of thegraphs
consideredduring BT-TCSPis generatedas shown in
Fig. 4 (left). Push addsanitem to alist, Reverse
reverseslist, andTriangulate triangulatesagraph.We
usethe elemenbf TriSubGs list asthetriangulated
subgraptor thenodeatthe level of thetree.

Plan B: Herewe computethe triangulatedgraphonly

onceandinducefrom it the subgraphneededat every

step.Fig. 4 (right) shovs the algorithmwhere  is the

triangulatedgraphof the original network and  is the

subgraptconsideredt level in the search.
Notethatthis techniquemayendup consideringdenser
graphsthannecessarywhich increaseshe costof solv-

ingtheSTR

Our experimentalresultsshowv that Plan A always outper

forms Plan B in termsof the numberof constraintchecks
and CPU time. Note that neitherof thesetwo plansaffects
the numberof backtracks(the numberof nodesvisited) in

BT-TCSP

2.3  STPalgorithm usedwith TCSP algorithm

STP algorithm can output the sameminimal network as
F-W andPPC It usestheideaof triangulationandconsiders
thetemporalgraphascomposedf trianglesinsteadof edges.
Constraintpropagatioris “triangle-basedtatherthan edge-
based. As a ner versionof PPG STPcan nd the mini-
mal network with lesscostthanF-W andPPC Whendensity
islow, STPisevencheapethanDPC whichdoesnotguar
anteethe minimal network. Similarto PPC the pre-requisite
conditionfor STPisto rst triangulatethetemporalgraph.
We have introducedabove two plansto obtaintriangulated
subgraphsn the previoussubsectionWe will usePlan A for
its lower costin practice.

Whensolving a TCSPwith searchthe STP examinedat
eachnodein the searchtree is a subgraphof the original
TCSP Thusthe STPswe needto checkalways have lower
densitythanthe original TCSR Since Thusthe outstanding
performancef STPunderlow densitymakesit evenmore
attractve to usefor solvingthe TCSP
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All-triangulated-subgraphs ( , )
nil
TriSubGs nil
all edgesn
For do
Push(, )
Push (Triangulate( ), TriSubG$
Return Reverse (TriSubG$3

usingordering

Induced-subgraphs( , )
edgesf
all nodes
nil
Forall
When and
ThenPush( , )
Return

Figure4: Left: List of triangulatedsubgraphgivenan ordering.Right: Inducinga subgraptrom thetriangulatedbriginal graph.

3 Exploiting the topology of the constraint
network

We proposethree techniquegopology-basedechniquego

enhanceheperformancef searchWhile the rst technique
is appliedprior to searchto decompos¢he probleminto in-

dependentomponentsthe lasttwo areintertwinedwith the
searctprocess.

3.1 Decompositionusingarticulation points

The existenceof articulationpointsin the graphof the tem-
poral network canbe usedto decomposéhe network into its
biconnectedomponentsyhich canbesolvedindependently
Finding the articulationpoints canbe donein [Cor
menet al., 2001]. This methodprovidesan upperboundto
the searcheffort in the size of the largestbiconnecteccom-
ponent[Freudey1989. It caneffectively reducethe number
of constraintchecksin BT-TCSP and the numberof nodes
visitedin its tree. A solutionto theentirenetwork is acombi-

nationof arny of thesolutionsof thebiconnectedomponents.

The total numberof solutionsis: , Where is

the numberof solutionsfor component. This conjunctive
decompositiorof thetemporalnetwork [FreuderandHubbe,
1999 allows usto solve the sub-problemsn parallel,asin a
multi-agentsystem. Articulation points usually appearonly

whenthedensityis low or whenthe TCSPhasaspeciatopol-

ogy. Notethatevenin the absencef articulationpoints,we

could’induce'suchdecompositiondy removing someedges
of thegraph,in amannersimilarto thecycle-cutsemethodof

DechterandPearl[1987. We have implementedhe mecha-
nismfor nding andusingexisting articulationpointsbut not

yetexploredhow to inducetheir existence.

3.2 Newcyclecheck

Theinconsisteng of an STPis detectedby the existenceof
anegative cycle in its distancegraph. Whenthe graphof an
STPhasno cycles,the STPis necessarilgonsistent.

Proposition3.1. Atree-structuedconstaint networkis nec-
essarilyglobally consistent.

In BT-TCSP nodesare expandedby addingone edgeat
a time. Whenthe addition of a new edgedoesnot yield a
new cycle in the graph,a consistentSTPremainsconsistent
regardles®f thelabelingchoserfor thenew edge . We exploit
this obsenationto save unnecessargonsisteng checks.

INotethatis a strongeresultthanusingthetree-structuref the
constraintgraph, which requiresensuring2-consisteng [Freudey
1984.
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Corollary 1. Whentheadditionof anedgeto a globally con-
sistentSTPyieldsnonew cyclestheresultingSTPis globally
consistent.

1 3 5

Figure5: Simpleconstaint graph.

Considetheexampleof Fig. 5. Supposéhatsearchadopts
thefollowing orderingof theedges: , , , ,
and . Fig.6shavsthecon gurationsof theSTPschecled
for consisteng ateachlevel in thesearch.

Along a given path,asthe treegeneratedy searchs be-
ing exploredin a depth- rst manney two stratgies can be
adoptedat a givenlevel: (1) Alwayscheckthe STPfor con-
sisteng, and(2) checkthe consisteng of the STPonly when
anew cycle hasbeenaddedo thenetwork. At levels1 and2,
nocyclesexistin thegraph,andthe STPis necessarilgonsis-
tent,Fig. 6. At levels4 and6, nonew cycleshave beenadded
tothegraphof levels3 and5 respectiely, andthecorrespond-
ing STPsremainnecessarilyonsistentegardlessf their la-
beling. As illustratedabove, checkingfor new cyclessaves
us unnecessargperations. Further whenthe additionof a
new edgeyieldsanew cycle,two biconnecteddomponentsf
the previous level are necessarilynemgedinto a new bicon-
nectedcomponenatthecurrentlevel. We needto checkonly
theconsisteng of the newly formedbiconnectedtomponent,
andwe can safelyignore the rest of the temporalnetwork.
This allows usto localizethe effort of consisteng checking
to thenecessarpartof the network.

Corollary 2. Whentheadditionof anedgeto a globally con-
sistentSTPyieldsa new cycle the resultingSTPis globally
consistenif and only if the newly formedbiconnectedcom-
ponentis a consistenSTP

The applicationof this new heuristic, NewCyc, signi -
cantly enhanceghe performanceof solving the meta-CSP
with search. To apply it, we needto identify, betweentwo
levels of the searchtree, (1) that a new cycle hasbeenin-
troducedand(2) the two biconnecteccomponentshat were
mergedasa result. This is doneby runningthe al-
gorithmfor nding articulationpoints at eachlevel, check-
ing whetherthe numberof biconnectedcomponentsvasre-
ducedbetweenwo levels, andidentifying the componento
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Search level

1 2 3 4 5 6
/2 ?\ 2 7 2 i ., i 2
1 1 3 1A~3 1A‘3 1&3 1&3 *5

STP

Checking strategy Total
Always 6
NewCyc 2

Figure6: Comparisorof STPcheds usingdifferentthe new-cycleched heuristic.

be checledasthatcontainingthe new edge.

3.3 Ordering heuristic for the meta-CSP

Variableorderingis an effective heuristicfor improving the
performancef search.In generalit is governedby the “fall

rst principle! The shallaver the nodeprunedin the tree,
thelargerthe prunedsubtree andthelargerthe costsavings.
For themeta-CSPanodeis prunedwhenit correspond$o an
inconsistenSTPR Thus,the orderingof the edgegwhich are
thevariablesof the meta-CSPaffectshow quickly anincon-
sistentSTPis found and alsothe effectivenessf constraint
propagatiorin the STR

As statedin Corollary 1, alonga given path, no inconsis-
tengy mayoccurbetweeronelevel andthenext unlessatleast
onenew cycleis formedin thetemporalgraph.Consequently
areasonablerderingheuristicis to rst considetthoseedges
thatform triangleswith edgesexisting in the STR. This may
allow usto uncover inconsistenciess early as possible. It
alsoincreaseshe effectivenesof backtrackingbecausét is
morelikely to undoaninconsisteng by changingthe label-
ing of an edgein the sametriangle asthe one that yielded
theinconsisteng thanthatof arandomedge.Our new edge-
orderingheuristicordersthe edgesof the temporalgraphin
sucha way thatthe network is expandedriangleby triangle
“around'the existing edges. The algorithm, givenin Fig. 7,
returnsthelist of edgesn the orderto beusedby the search.
It usesbasicoperationon lists. Append concatenatesvo
listsin the orderprovided. Pop removesandreturnsthe rst
item in alist. It requiresthat eachedgebe associatedvith
the numberof trianglesin which it appeardn , which is
boundedy ,where inthenumberof nodesn (i.e.,
thetime points).We obtainthesenumbersasa by-productof
theimplementatiorof thetriangulationalgorithm.

Basedon thetopologyof the network, we choosethe edge
thatparticipatesn thelargestnumberof trianglesandsched-
uletheedgeof thosetrianglesfor apriority instantiatiordur-
ing thesearch Fig. 8 illustratesthe rst stepsof theapplica-
tion of the algorithmstartingfrom edgel. First, thetriangles
in which edgel participatesare explored. From there,we
reapplyiteratively the sameprocesdo eachof the edgesex-
plored,i.e. edgesll, Ill, andlV, graduallycovering all the
edgesin the biconnectedcomponent. The modi cation of
the label of ary theseedgespropagateshroughthesetrian-
gles. Thus, inconsistenciesand deadendsre likely to be
more quickly detectedduring searchandbacktrackremains
locally contained.

We canshaw thatthis processstopswhenall the edgesin
the biconnecteccomponenthave beenvisited. Then Edge-
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Ord restartsfrom an urvisited edgefrom the original graph
andrepeatgheprocessuntil all edgeof the original network
have beenvisited. The function returnsa list in which the
edgesthat arein a given biconnecteccomponentappearin
sequence.As a result, this orderingheuristicimplicitly en-
ablessearchto examinethe biconnecteccomponent®of the
graphin isolation,andthus decomposéhe graphautomati-
cally. Theadwantage®f this mechanisnare:

1. Localizedbadtradking: This heuristicis basedon the
topology of the temporalgraph. Neighboringlevelsin
thesearchtreearelikely to be physicallyrelated.When
it encountersdeadendsearctwill backtracko anedge
thatis morelikely the culprit than anotheredgetaken
randomlyfrom thegraph.

2. Automatic decompositiorof the graph into its bicon-
nectedcomponents The decompositionof the graph
into its biconnectedcomponentss an effective tech-
niqueto bind the searcheffort and enhancehe perfor
manceof solving a TCSP This orderingheuristicim-
plicitly guaranteeshat articulationpointsin the graph
(if ary), areexploited,asif thenetwork wasdecomposed
into its biconnecteccomponentsvithout usingthe spe-
cial algorithmnecessaryor this purpose.

4 Arc-Consistency

When solving a CSR it is commonto run a domain lter -
ing mechanisnfsuchasarc-consisteng AC) asapreprocess-
ing stepto searchandto interleave searchwith a lookahead
strat@y (suchasforward-checkingFC [HaralickandElliott,
1980). The goal of an AC algorithmis to reducethe do-
main of the variables thusreducingthe size of the CSPand
thatof thesearchreeto beexplored. Arc-consisteng is usu-
ally easyto achieve in polynomialtime. Quite afew general
arc-consistencalgorithmsexist, suchasAC-3 [Mackworth,
1977, AC-4 [Mohr andHenderson1986, AC-6 [Bessere,
1994, AC-7[Bessereetal., 1999, AC-3.1[ZhangandYap,
2001], andAC-2001[BessereandReégin,2001].

Remawing “inconsistentintervalsfrom the edgelabelsre-
ducesthe size of the meta-CSPanddirectly bene ts search.
The size of the meta-CSHs exponentialin the size of the
TCSP If  is the numberof intervals in the label of an
edgein the TCSR is the numberof edges,and the

numberof nodesby ———, the size of the meta-

CSPis in . Thusit is importantto explore mech-
anismsto reducethe size of the meta-CSPThe only con-
straintin the meta-CSHs a global constraintfor which no
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EdgeOrd ( )
all edgesof
nil
While  do
Edgeof  appearingn thelargestnumberof trianglesin
Append (
nil
While do
Forall suchthat isasubgraptof do
Append ( , , ), Append ( ) )
: , Pop( )
Return

Figure7: Edge orderingheuristic.

Figure8: lllustrating the exploration of the edgesof a graph by the edge ordering heuristic.

efcient consisteng algorithmis known. In a companion
paper[Xu and Choueiry 20034, we introducethe concept
of Arc-Consisteng asanapproximatiorto thegeneralized
arc-consistencof the meta-CSPWe alsointroducean ef -
cientalgorithm, AC, thatimplements Arc-Consisteny.
We establishthat the compleity of AC is

This algorithm usessimple
datastructurego save signi cantly the numberof constraint
checkd. We use AC asa preprocessingtepto searchin
orderto reducethe size of the exploredtree. We have not
yet interleavred ary lookaheadstratgy basedon AC with
searchput planto do soin thefuture.

5 Experimental results

Fig. 9 shavs the TCSPsolverswe tested,with andwithout
pre-processingy ACS.

TheSTPsolversweusedareDPG PPC and STPof Sec-
tion 2. We combinedthemwith the techniquesproposedn
Section3 (i.e., AP, NewCyc, and EdgeOrd). We compared
their performancen termsof the numberof nodesvisited
NV, constraintthecksCG andCPUtime. Sinceall CPUtime
curveshave almostexactly the sameshapesasthe CCcurves,
they are omittedto savespacebut are all availableuponre-
guest We carriedout ourtestson randomlygenerated(guar
anteed)connectegroblems.Our generatordescribedn the
companiorpaper[Xu andChoueiry 20034, guaranteethat

2\We areconsideringanimprovementthat may establistits opti-

mality.
3Thecompaniorpapersesonly DPC[Xu andChoueiry 20033.
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atleast80%of theseproblemshave atleastonesolution. The
TCSPinstancegeneratedhave the following characteristics:
, randomlychosenbetweenl and5, densityof the

temporalnetwork ( ) variesin [0.02,0.1]

with a stepof 0.02andin [0.2, 0.9] with a stepof 0.1. The
numberof variablesn themeta-CSPor whichwe must nd
all solutions variesfrom 7 to 26. The size of the meta-CSP
varieson averagebetweenl.6 and5.2 . We av-
eragedhe resultsof over 100 samples.The goal of our ex-
perimentswasto studythe effectson the varioussolvers of
the improvementswe proposed* (i.e., STP AP, NewCyc,
EdgeOrd, AC), andto establisttheir effectivness.It is not
our goalhereto compareahe performancef thevariousSTP
solvers,which is discussedxtensiely in [Xu andChoueiry
20034.

Section5.1 discusseshe numberof solutionsof the prob-
lemstested. Naturally, all solversmust nd the samesolu-
tions. Countingthe numberof solutionswas usefulto con-
rm thatall solversweresoundandthatour implementation
wasbug-free. Section5.2 shaws the effect of our techniques
on the shapeof the tree by measuringhe numberof nodes
visited. Section5.3 shaws the effect of our techniqueson
the various TCSP solvers (i.e., DPG PPG and STP) on
the numberof constraintchecks.In Sectionss.2and5.3we
alsoshav how ltering the meta-CSPwith  AC dramati-
cally improvesthe performanceof search.The effect of this

“Note that although decompositionaccordingto articulation
pointsis a well-known technique to the bestof our knowledge, it
hasnot beenyet assessedxperimentally
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! STP Solver
DPC DPC-TCSP

Triangulation plan ;"

: PPC-A-TCSPV
PPC : | :

'With AAC of |
' Without AAC |

ASTP  Plan A + EdgeOrd (automatic decomposition) + NewCyc

TCSP Solvers

Exploiting Articulation
Points (AP)

Checking for New
Cycles (NewCyc) !
DPC+AP-TCSP DPC+AP+NewCyc-TCSP

PPC+AP-A-TCSP%> PPC+AP+NewCyc-A-TCSP

PPC-B-TCSP - = PPC+AP-B-TCSP——+——~ PPC+AP+NewCyc-B-TCSP

ASTP-TCSP

Figure9: TCSPsolves tested.

preprocessing clearlyvisible in comparisonsf the scaleof

theverticalaxisof thechartswithoutandafterpreprocessing.

While the bene ts of this Itering algorithmarethe topic of
our companiorpaper] Xu andChoueiry 20034, we con rm
herethatit is usefulin any TCSPsolver.

5.1 Solutionsto the TCSP

Whendensityis low, therearefew constraintsary partialso-
lution is likely to be extendedto a globalsolution,andthere
are mary solutionsto the meta-CSPasis seenin Fig. 10.
Indeed,underlow density the temporalnetwork (which is

18000

16000
14000
12000
10000
B 8000 -
g 6000 -

4000 -

2000 -

0 . . . N + n
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
DerRd N

Figure10: Thenumberof solutionsof the meta-CSP

guaranteed@¢onnectedy constructionhasalmostno cycles.
Thus,almostary combinationof intenvalsin the labelof the
edgesis a solutionto the meta-CSP(seeProposition3.1).
Thenumberof solutionsquickly dropsdensity When =0.9,
thereareonly oneor two solutions,oneof which usguaran-
teedby construction.

5.2 Effectson the sizeof the search tree

The effects of AP and EdgeOrdon the “shape'of the tree
canbeassesselly thenumberof nodesvisited NVby search.
They areshavn in Fig. 11.

Notethattheeffectsof NewCyconthevariousSTPsolvers
(i.e., DPC PPC and STP) areirrelevantto this measure-
ment. Indeed,they aim at reducingthe costof checkingthe
consisteng of the STPat a nodein the treeoncesearchhas
effectively reachedhenode.The™ ' in thelegendof Fig. 11
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indicatesthat theseresultshold for all STP solvers tested.
Fig. 11 shavsthatAP reducessigni cantly NVwhendensity
is low. Whendensityis high, almostno articulationpoint ex-

ists,henceAP doesnotimpactNV. The effect of EdgeOrdis

quite dramaticacrossall valuesfor densitybecauset allows

BT-TCSPto quickly identify dead-endsasa goodordering
heuristicis supposedo do. Moreover, andthanksto AC,

we startto noticethe existenceof a phasetransitionthat ap-
pearsaround andbecomesncreasinglyvisible aswe

move toward moreeffective TCSPsolvers.

5.3 Effectsonthe number of constraints checks
(sameasCPU time)

Herewe discusghe effectsof our techniqueson the various
TCSPsolvers: DPG PPG and STP. We shov the bene ts
of AP andNewCyc on DPC(Fig. 12). We shaov the bene ts
of AP, NewCyc on PPCfor bothPlan A (Fig. 13)andPlanB

(Fig. 14) Finally, we shav the bene ts of EdgeOrdandNew-

CycunderPlanAon STP(Fig. 15).

Exploiting articulation points: For DPC(Fig 12)andPPC
(Fig. 13 and 14), AP is againparticularly effective for low
densitygraphsbut uselesgor high densityones.

Newcyclecheck: NewCycdramaticallyreducesCCacross
all densityvalues(eventhoughit hasno effectonthenumber
of nodesvisited,asstatedn Section5.2).

Triangulation plans: The triangulationof an STP during
searchrequiredfor PPCsolver, is carriedout accordingto
Plan A (Fig. 13) andPlan B (Fig. 14) of Section2.2. By
comparingthe scaleof the vertical axis of thesetwo gures,
we concludethatPlan Ais superiorto Plan B. Thiscanbeex-
plainedasfollows. Plan A triangulatesbeforesearchall the
networksthat will be checledfor consisteng during search
(thereareexactly  suchgraphs).PlanB nds thetriangu-
lation of an STPat a givennodeduring searchby inducinga
subgraphHrom the triangulatedoriginal STR Hence,Plan B
triangulateghe network only once,while Plan A carriesout
asmary triangulationoperationsasthe numberof edgesin
the network (andlevelsin the search).However, theinduced
subgraphsn Plan B endup muchdenseithanthe onesused
by Plan A, thus requiring more effort from PPC the STP
solver. Further the factthat Plan A yields no densergraphs
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than Plan B becomesan even more desirablefeaturewhen
TCSPis dense. This explainsthe signi cant differencesn
behaior betweerPlan A andPlan B underhigh densityTC-
SPs.

The winning combination: In [20034 we comparedthe
performance®f F-W, DPG PPG and STPfor solvingan
STR We foundthat DPC PPCG and STP consistentlyout-
performF-W, the Floyd-Warshallalgorithm. Further STP
consistentlyoutperformsPPC Indeed,the formeris a ner
versionof the latter Importantly when the density of the
temporalgraphis belov 0.4, STP(which guaranteemini-
mality) outperformeDPC(which doesnot). For sensiblyhigh
densitieswe found DPCto be more effective. Sincein the
searchfor solving the meta-CSPwe considersubgraphsof
the original network, the networks at the differentlevels of
thetreearemorelikely to be sparse¢handense.This shavs
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thatevenwhenthe TCSPis dense, STPis a goodchoice
for the STPsolver. Hence,amongthe techniquegested the
bestcombinationone could useto solve a TCSPis the one
wecalled STP-TCSRHFig.9). Indeed STPoutperforms
all TCSPsolwersincluding the onebasedon DPC(compare
Fig.12and15).

6 Conclusions

At the beginning of our investigationsthe bestmechanism
known to datefor solving the meta-CSP wasonebasedon
DPC We introduced STR enhancedt with NewCyc and
EdgeOrd,and shoved empirically thatit resultsin dramatic

SNotethatwe do notincludein our comparisiorelgorithmsthat
tighten theseintenals in the labelsof the edges. Thosemay not
terminatein the generalcaseandare prohibitively expensve in the
integral case{ Dechtey 2003.
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improvements.Indeed,in comparisionto the original DPC
the bestcombinationof our techniqueseduceghe number
of constraintchecksby a factorof 500 (median)and 40,000
(average)andthat of CPU by a factorof 320 (median)and
1,200(average).

Further we showved that our techniquesuncover the exis-
tenceof a phase-transition-lik phenomenorior solving the
TCSR which is mostvisible with  STP-TCSPThis obser
vationcallsfor moredetailedinvestigationsn this direction.
As directionsfor futureresearchye planto:

1. Investigatehow to exploit AC in alookaheadstrateyy
for solvingthemeta-TCSPand,

2. Evaluateempiricallyhow to improve BT-TCSPwith dy-
namic bundling [Choueiryand Davis, 2004, which is
particularlyattractive in this context sincewe arelook-
ing for all solutions.
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