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Abstract

In this paper, we address the task of solv-
ing the generalTemporalConstraintSatisfaction
Problem (TCSP). We report the integration of
three approachesto improve the performanceof
theexponential-time,backtracksearch(BT-TCSP)
proposedby Dechteret al. [1991] for this purpose.
The �rst approachconsistsof using a new ef�-
cientalgorithm( � STP)[Xu andChoueiry, 2003a]
for solving the Simple TemporalProblem(STP),
an operationthat must be executedat eachnode
expansionduring BT-TCSP. The secondapproach
improvesBT-TCSPitself by exploiting the topol-
ogyof thetemporalnetwork. This is accomplished
in threeways: �nding andexploiting articulation
points (AP), checking the graph for new cycles
(NewCyc), andusinga new heuristicfor edgeor-
dering(EdgeOrd).Thethird approachis a �ltering
algorithm, � AC, which is usedasa preprocessing
stepto BT-TCSP, andwhich signi�cantly reduces
thesizeof theTCSP[Xu andChoueiry, 2003b]. In
additionto introducingtwo new techniques,New-
Cyc and EdgeOrd,this paperdiscussesan exten-
sive evaluationof themeritsof theabove threeap-
proaches.Our experimentson randomlygenerated
problemsdemonstratesigni�cant improvementsin
thenumberof nodesvisited,constraintchecks,and
CPUtime.

1 Background and motivation
A SimpleTemporalProblem(STP)is de�nedby agraph���
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is a set of vertices � representingtime
points;




is a setof edges����� � representingconstraintsbe-
tweentwo time points � and � ; and




is a setof constraint
labelsfor the edges,Fig. 1 (left). A constraintlabel
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Figure1: Left: STP. Right: TCSP.
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is a setof disjoint intervals denotinga
disjunctionof constraintsof boundeddifferencesbetween�

and � , Fig. 1 (right). We assumethat the intervals in a label
aredisjoint andorderedin a canonicalway. Thefollowing is
a typicalexample:

Tom has classat 8:00 a.m. He can either make
breakfastfor himself(10-15minutes),or get some-
thingto eatfroma local store(lessthan5 minutes).
After breakfast(5-10 minutes),he goesto school
either by car (20-30 minutes)or by bus (at least
45 minutes).Today, Tomgetsupbetween7:30 and
7:40..

Wewishto answerqueriessuchas:“CanTomarriveatschool
in time for class?”,“Is it possiblefor Tom to take thebus?”,
“If Tom wantedto save money by makingbreakfastfor him-
self and taking the bus, when shouldhe get up?”, and so
on. This temporalproblemcanbe representedasa tempo-
ral graph.

Let >@? be a referencetime-point (e.g., 6:00 am), >

, the
timepointTomgetsup, >

3 thetimepointhestartshisbreak-
fast, >BA thetimepointhe�nishes it, and >BC thetimepoint he
arrivesat theschool.Fig. 2 shows thetemporalgraphof this
TCSP.
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Figure2: A TCSPexample.

Dechter [2003] describeda backtracksearchprocedure
(BT-TCSP)for solving a TCSP, which is an NP-hardprob-
lem. To this end, the TCSPis expressedasa `meta' Con-
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Figure3: Thesearch treefor theexampleof Fig. 2.

straintSatisfactionProblem(meta-CSP).Thevariablesof the
meta-CSParetheedges�

��� � of � . Their numberdependson
thedensityof the temporalgraph.Thedomainof a variable

�
��� � is its label,
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of variable-valuepairs(vvps)thatform a
consistentSTP, which is a global constraint. A completeso-
lution is a consistentSTPin whichall theedgesof � appear.
The minimal network of theTCSPis theunion of themini-
malnetworksof all completesolutions,andsolvingtheTCSP
requires�nding all thesolutionsof themeta-CSP. Eachnode
in the treegeneratedby BT-TCSPis an STP >

�

that has

��

edges,asubsetof theedgesof theoriginalnetwork (

����$


),
eachlabeledwith auniqueinterval from its domain.When >

�

is consistent,thenodeis expandedby addingto >

�

an edge
from

��


%



�

�

labeledwith aninterval from its domain.This
yieldsanew STPthatis checkedagainfor consistency. Fig.3
illustratesthe tree correspondingto the exampleof Fig. 2,
whereedgesareconsideredin their lexicographicalorder.

In this paper, we combinethefollowing techniquesto im-
provetheperformanceof BT-TCSP, anddemonstratetheiref-
fectivenesson randomlygeneratedproblems:

1. Everynodein thetreeis anSTPthatneedsto besolved
beforethesearchcanproceed.Hence,theperformance
of a TCSPsolver dependscritically on that of the STP
solver. We comparefor the �rst time the performance
of various known STP solvers, including a new one,

� STP, thatwe proposedin [Xu andChoueiry, 2003a].
Weshow thatit outperformsall others.Notethattheper-
formanceof theSTPsolver doesnot affect thenumber
of nodesvisitedin BT-TCSP.

2. Onewell-known techniqueto improve theperformance
of a CSP is to decomposeit into sub-problemsus-
ing its articulationpoints [Even, 1979; Freuder, 1985;
Dechteret al., 1991], andto solve thesub-problemsin-

dependently. We provide for the �rst time anempirical
evaluationof theeffectivenessof this technique.

3. Furtherexploiting thetopologyof thetemporalnetwork,
we show how to avoid runninganSTP-solverby check-
ing theexistenceof new cycles(NewCyc)in thenetwork
asedgesareaddedalonga given path in the tree. For
the exampleshown in Fig. 3, the �rst four consistency
checksare unnecessarybecausethereare no cycles in
therespectivenetworksandthecorrespondingSTPsare
alwaysconsistent.

4. Anotherwayto improvetheperformanceof BT-TCSPis
to �nd a goodvariable-orderingheuristicfor thesearch.
This correspondsto a sequencingof




, theedgesof � ,
asthey areaddedalonga givenpathin thetree.A good
sequencereducesunnecessarybacktrackingandalsothe
numberof constraintchecks.We introduceanew order-
ing heuristic(EdgeOrd)that exploits the adjacency of
existing trianglesin thegraphto determinetheordering
of their edgesin thetree.

5. We reducethe domainsof the variablesof the meta-
CSPby usingtheef�cient �ltering algorithm, � AC,de-
scribedin detailin acompanionpaper[Xu andChoueiry,
2003b]

Thecontributionsof thispapercanbesummarizedasfollows:

1. A new techniquefor saving constraintchecks(NewCyc)
andanew orderingheuristic(EdgeOrd).

2. Thecombinationof theabove listedtechniques(i.e., an
STP-solver, AP, NewCyc,EdgeOrd,and � AC) to solve
theTCSP.

3. Empiricalevaluationandanalysisof theeffectivenessof
thesetechniquesandtheir combinationsto demonstrate
their signi�cance.
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Thispaperis structuredasfollows.Section2 reviewsthevar-
iousSTP-solverswe used.Section3 discussesthe threeim-
provementsthatexploit thetopologyof thetemporalnetwork.
Section4 summarizesa �ltering algorithmthat is morethor-
oughlydiscussedin [Xu andChoueiry, 2003b]. Section5 de-
scribesour experimentsandobservations.Finally, Section6
concludesthispaper.

2 Algorithms for solving the STP
TCSPis NP-hardandis solvedwith backtracksearch.Every
nodeexpansionin the searchtree needsto checkthe con-
sistency of an STP. Thus a good STP solver is critical for
solving the TCSP. We test the following STP solvers: Di-
rectedPathConsistency DPC[DechterandPearl,1988], Par-
tial Path Consistency DPC[Bliek and Sam-Haroud,1999],
andTriangle-STP� STP[Xu andChoueiry, 2003a].

2.1 Solving the STP usingDir ectionalPath
Consistency(DPC)

A basicalgorithmto solve anSTPis theFloyd-Warshallal-
gorithm (F-W), which computesall-pairsshortest-pathsin a
distancegraph[Cormenetal., 2001]. F-Wguaranteesconsis-
tency, minimality, anddecomposabilityandhasa worst-case
complexity of �

���

A

�

. MontanarishowedthatF-W is a spe-
cial caseof thePathConsistency (PC) algorithm[Montanari,
1974]. Dechteret al. proposetheDirected-PathConsistency
(DPC) algorithm. This algorithmis never morecostly than
F-W, runsin �

���

A

�

, andcandeterminetheconsistency of an
STPin �

������� ��	��

3

�

, where
��� ��	��

is the inducedwidth of
thegraphalonga givenordering

	

. DPCdeterminesthecon-
sistency of theSTP, but doesnot necessarilyyield themini-
malanddecomposablenetwork. Dueto thefactthatonly the
consistency of anSTPmattersduringBT-TCSP, we useDPC
insteadof F-W becauseof its lowercost.

2.2 Solving the STP usingPartial Path
Consistency(PPC)

Bliek andSam-HaroudintroducedPartial Path-Consistency
(PPC), analgorithmapplicableto generalCSPs(andnot re-
strictedto temporalnetworks) [1999]. PPCworks on a tri-
angulatedgraph,unlike the PC algorithm which requiresa
completegraph.Further, Bliek andSam-Haroudshowedthat
whentheconstraintsareconvex, thePCalgorithm(operating
on thecompletegraph)andthePPCalgorithm(operatingon
the triangulatedgraph)yield equivalentresults:thesamela-
belingfor theedgescommonto bothgraphsandtheminimal-
ity anddecomposabilityof theSTP. PPCneverrequiresmore
constraintchecksthanPC, which is advantageouswhenthe
(triangulated)graphis sparse.This is particularlyattractive
in BT-TCSP, which requiressolvinganSTPat eachnode.

PPCrequiresthatthegraphbetriangulated,whichmayre-
sult in new edgesbeingaddedto thegraph.Wetriangulatethe
temporalnetwork usingthe algorithmdevisedin [Kjaerulff,
1990]. Werepresentthenew edgesasuniversalconstraintsin
theoriginal constraintgraphandsettheir labelto

�

%�


�




�

.
In thetreegeneratedby BT-TCSP, eachnoderepresentsan

STPwhosegraphaddsexactly oneedgeto the graphof the
parentof the node(andmustbe triangulatedto be usedby

PPC). Assumingastaticorderingin thetree,thetotalnumber
of graphsthatappearalongany givencompletepathisexactly
equalto thenumberof edgesin theoriginalproblem.Further,
all nodesat a given level of the searchtree have the same
graph(only theedgelabelingsmayvary). Thus,understatic
ordering, the numberof possiblegraphsconsideredduring
theBT-TCSPprocessis exactly equalto the total numberof
edgesin thetemporalnetwork.

We devise two methodsfor accessingthe triangulations
of the STPsneedin given a static ordering,Fig. 4. In the
�rst method,Plan A, we pre-computeall theSTPsneededin
search,triangulatethem,andstoretheir triangulationsfor use
duringsearch.In thesecondmethod,Plan B, we triangulate
theentirenetwork only once. We, theninduce,from the tri-
angulatedgraph,thesubgraphwhoseverticesform the STP
underconsideration.Sincetheoriginal graphis triangulated,
eachinducedsubgraphis alsotriangulated.

� PlanA: Givenavariableordering
	

, thelist of thegraphs
consideredduring BT-TCSPis generatedas shown in
Fig. 4 (left). Push addsan item to a list, Reverse
reversesa list, andTriangulate triangulatesagraph.We
usethe ��


�

elementof TriSubGs list asthetriangulated
subgraphfor thenodeat the ��


�

level of thetree.
� Plan B: Herewe computethe triangulatedgraphonly

onceand inducefrom it the subgraphneededat every
step.Fig. 4 (right) shows thealgorithmwhere �




is the
triangulatedgraphof theoriginal network and �

� is the
subgraphconsideredat level � # � #��




� in thesearch.
Notethatthis techniquemayendup consideringdenser
graphsthannecessary, which increasesthecostof solv-
ing theSTP.

Our experimentalresultsshow that Plan A always outper-
forms Plan B in termsof the numberof constraintchecks
andCPU time. Note that neitherof thesetwo plansaffects
the numberof backtracks(the numberof nodesvisited) in
BT-TCSP.

2.3 � STPalgorithm usedwith TCSPalgorithm

� STP algorithm can output the sameminimal network as
F-W andPPC. It usestheideaof triangulationandconsiders
thetemporalgraphascomposedof trianglesinsteadof edges.
Constraintpropagationis `triangle-based'ratherthan`edge-
based.' As a �ner versionof PPC, � STPcan�nd themini-
malnetwork with lesscostthanF-W andPPC. Whendensity
is low, � STPis evencheaperthanDPC, whichdoesnotguar-
anteetheminimal network. Similar to PPC, thepre-requisite
conditionfor � STPis to �rst triangulatethetemporalgraph.
We have introducedabove two plansto obtain triangulated
subgraphsin theprevioussubsection.We will usePlan A for
its lowercostin practice.

Whensolving a TCSPwith search,the STPexaminedat
eachnode in the searchtree is a subgraphof the original
TCSP. Thus the STPswe needto checkalwayshave lower
densitythan the original TCSP, SinceThus the outstanding
performanceof � STPunderlow densitymakesit evenmore
attractive to usefor solvingtheTCSP.
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All-triangulated-subgraphs ( ��� , � )
��� nil
TriSubGs� nil

�

��� all edgesin ��� usingordering�

For 	�


�

� do
Push( 	 , � )
Push(Triangulate( � ), TriSubGs)

Return Reverse (TriSubGs)

Induced-subgraphs( ��� , ��
 )
�

� � edgesof � �

�


�� all nodes
���


�


�� nil
Forall 	 
�� � 


�

�

When ��


�


 and ��


�




Then Push( 	 
�� � ,
�


 )
Return

�




Figure4: Left: List of triangulatedsubgraphsgivenanordering.Right: Inducinga subgraphfrom thetriangulatedoriginalgraph.

3 Exploiting the topologyof the constraint
network

We proposethree techniquestopology-basedtechniquesto
enhancetheperformanceof search.While the�rst technique
is appliedprior to searchto decomposetheprobleminto in-
dependentcomponents,the last two areintertwinedwith the
searchprocess.

3.1 Decompositionusingarticulation points
The existenceof articulationpointsin thegraphof the tem-
poralnetwork canbeusedto decomposethenetwork into its
biconnectedcomponents,whichcanbesolvedindependently.
Finding the articulationpointscanbe donein �

�

�




�

�

[Cor-
menet al., 2001]. This methodprovidesan upperboundto
the searcheffort in the sizeof the largestbiconnectedcom-
ponent[Freuder, 1985]. It caneffectively reducethenumber
of constraintchecksin BT-TCSPand the numberof nodes
visitedin its tree.A solutionto theentirenetwork is acombi-
nationof any of thesolutionsof thebiconnectedcomponents.
The total numberof solutionsis: � �����

� �

,"!

� , where
!

� is
the numberof solutionsfor component� . This conjunctive
decompositionof thetemporalnetwork [FreuderandHubbe,
1995] allows usto solve thesub-problemsin parallel,asin a
multi-agentsystem.Articulation pointsusuallyappearonly
whenthedensityis low or whentheTCSPhasaspecialtopol-
ogy. Notethatevenin theabsenceof articulationpoints,we
could`induce'suchdecompositionsby removingsomeedges
of thegraph,in amannersimilarto thecycle-cutsetmethodof
DechterandPearl[1987]. We have implementedthemecha-
nismfor �nding andusingexistingarticulationpointsbut not
yetexploredhow to inducetheir existence.

3.2 Newcyclecheck
The inconsistency of an STPis detectedby the existenceof
a negative cycle in its distancegraph.Whenthegraphof an
STPhasnocycles,theSTPis necessarilyconsistent1.
Proposition3.1. A tree-structuredconstraint networkis nec-
essarilygloballyconsistent.

In BT-TCSP, nodesare expandedby addingone edgeat
a time. When the addition of a new edgedoesnot yield a
new cycle in thegraph,a consistentSTPremainsconsistent
regardlessof thelabelingchosenfor thenew edge.Weexploit
this observationto save unnecessaryconsistency checks.

1Notethatis a strongerresultthanusingthetree-structureof the
constraintgraph,which requiresensuring2-consistency [Freuder,
1982].

Corollary 1. Whentheadditionof anedgeto a globallycon-
sistentSTPyieldsnonew cycles,theresultingSTPis globally
consistent.

1

2

3

4

5

Figure5: Simpleconstraint graph.

Considertheexampleof Fig.5. Supposethatsearchadopts
thefollowing orderingof theedges:�

,

�

3 , �

3

� A , �

,

� A , �
A7� C , �

3

� C ,
and �

C8� # . Fig.6 showsthecon�gurationsof theSTPschecked
for consistency at eachlevel in thesearch.

Along a givenpath,asthe treegeneratedby searchis be-
ing explored in a depth-�rst manner, two strategies can be
adoptedat a givenlevel: (1) AlwayschecktheSTPfor con-
sistency, and(2) checktheconsistency of theSTPonly when
anew cyclehasbeenaddedto thenetwork. At levels1 and2,
nocyclesexist in thegraph,andtheSTPis necessarilyconsis-
tent,Fig.6. At levels4 and6, nonew cycleshavebeenadded
to thegraphof levels3 and5respectively, andthecorrespond-
ing STPsremainnecessarilyconsistentregardlessof their la-
beling. As illustratedabove, checkingfor new cyclessaves
us unnecessaryoperations.Further, whenthe additionof a
new edgeyieldsanew cycle,two biconnectedcomponentsof
the previous level arenecessarilymergedinto a new bicon-
nectedcomponentat thecurrentlevel. Weneedto checkonly
theconsistency of thenewly formedbiconnectedcomponent,
andwe can safely ignore the restof the temporalnetwork.
This allows us to localizetheeffort of consistency checking
to thenecessarypartof thenetwork.

Corollary 2. Whentheadditionof anedgeto a globallycon-
sistentSTPyieldsa new cycle, the resultingSTPis globally
consistentif and only if thenewly formedbiconnectedcom-
ponentis a consistentSTP.

The applicationof this new heuristic, NewCyc, signi�-
cantly enhancesthe performanceof solving the meta-CSP
with search.To apply it, we needto identify, betweentwo
levels of the searchtree, (1) that a new cycle hasbeenin-
troducedand(2) the two biconnectedcomponentsthatwere
mergedasa result. This is doneby runningthe �

�

�




�

�

al-
gorithm for �nding articulationpointsat eachlevel, check-
ing whetherthenumberof biconnectedcomponentswasre-
ducedbetweentwo levels,andidentifying thecomponentto
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Checking strategy Total
Always � � � � � � 6
NewCyc � � � � � � 2

Figure6: Comparisonof STPchecksusingdifferentthenew-cyclecheck heuristic.

becheckedasthatcontainingthenew edge.

3.3 Ordering heuristic for the meta-CSP
Variableorderingis an effective heuristicfor improving the
performanceof search.In general,it is governedby the`fail
�rst principle.' The shallower the nodeprunedin the tree,
thelargertheprunedsubtree,andthelargerthecostsavings.
For themeta-CSP, anodeis prunedwhenit correspondsto an
inconsistentSTP. Thus,theorderingof theedges(which are
thevariablesof themeta-CSP)affectshow quickly anincon-
sistentSTPis found andalsothe effectivenessof constraint
propagationin theSTP.

As statedin Corollary 1, alonga givenpath,no inconsis-
tency mayoccurbetweenonelevelandthenext unlessatleast
onenew cycleis formedin thetemporalgraph.Consequently,
a reasonableorderingheuristicis to �rst considerthoseedges
that form triangleswith edgesexisting in theSTP. This may
allow us to uncover inconsistenciesasearly aspossible. It
alsoincreasestheeffectivenessof backtracking,becauseit is
morelikely to undoan inconsistency by changingthe label-
ing of an edgein the sametriangleas the one that yielded
theinconsistency thanthatof a randomedge.Ournew edge-
orderingheuristicordersthe edgesof the temporalgraphin
sucha way that thenetwork is expandedtriangleby triangle
`around' the existing edges.The algorithm,given in Fig. 7,
returnsthelist of edgesin theorderto beusedby thesearch.
It usesbasicoperationson lists. Append concatenatestwo
lists in theorderprovided.Pop removesandreturnsthe�rst
item in a list. It requiresthat eachedgebe associatedwith
the numberof trianglesin which it appearsin � , which is
boundedby

���

% �

�

, where
�

in thenumberof nodesin � (i.e.,
thetime points).We obtainthesenumbersasa by-productof
theimplementationof thetriangulationalgorithm.

Basedon thetopologyof thenetwork, we choosetheedge
thatparticipatesin thelargestnumberof trianglesandsched-
uletheedgesof thosetrianglesfor apriority instantiationdur-
ing thesearch.Fig. 8 illustratesthe�rst stepsof theapplica-
tion of thealgorithmstartingfrom edgeI. First, thetriangles
in which edgeI participatesare explored. From there,we
reapplyiteratively thesameprocessto eachof theedgesex-
plored, i.e. edgesII, III, and IV, graduallycovering all the
edgesin the biconnectedcomponent. The modi�cation of
the label of any theseedgespropagatesthroughthesetrian-
gles. Thus, inconsistenciesand deadendsare likely to be
morequickly detectedduringsearch,andbacktrackremains
locally contained.

We canshow that this processstopswhenall theedgesin
the biconnectedcomponenthave beenvisited. Then Edge-

Ord restartsfrom an unvisited edgefrom the original graph
andrepeatstheprocessuntil all edgesof theoriginalnetwork
have beenvisited. The function returnsa list in which the
edgesthat are in a given biconnectedcomponentappearin
sequence.As a result, this orderingheuristicimplicitly en-
ablessearchto examinethe biconnectedcomponentsof the
graphin isolation,andthusdecomposethe graphautomati-
cally. Theadvantagesof this mechanismare:

1. Localizedbacktracking: This heuristicis basedon the
topologyof the temporalgraph. Neighboringlevels in
thesearchtreearelikely to bephysicallyrelated.When
it encountersadeadend,searchwill backtrackto anedge
that is more likely the culprit thananotheredgetaken
randomlyfrom thegraph.

2. Automatic decompositionof the graph into its bicon-
nectedcomponents: The decompositionof the graph
into its biconnectedcomponentsis an effective tech-
niqueto bind the searcheffort andenhancethe perfor-
manceof solving a TCSP. This orderingheuristic im-
plicitly guaranteesthat articulationpoints in the graph
(if any), areexploited,asif thenetworkwasdecomposed
into its biconnectedcomponentswithout usingthespe-
cial algorithmnecessaryfor this purpose.

4 � Ar c-Consistency
When solving a CSP, it is commonto run a domain�lter -
ing mechanism(suchasarc-consistency, AC)asapreprocess-
ing stepto search,andto interleave searchwith a lookahead
strategy (suchasforward-checking,FC [HaralickandElliott,
1980]). The goal of an AC algorithm is to reducethe do-
mainof thevariables,thusreducingthesizeof theCSPand
thatof thesearchtreeto beexplored.Arc-consistency is usu-
ally easyto achieve in polynomialtime. Quitea few general
arc-consistency algorithmsexist, suchasAC-3 [Mackworth,
1977], AC-4 [Mohr andHenderson,1986], AC-6 [Bessi�ere,
1994], AC-7 [Bessi�ereetal., 1999], AC-3.1[ZhangandYap,
2001], andAC-2001[Bessi�ereandRégin,2001].

Removing `inconsistent'intervalsfrom theedgelabelsre-
ducesthesizeof themeta-CSPanddirectly bene�ts search.
The size of the meta-CSPis exponentialin the size of the
TCSP. If � is the numberof intervals in the label of an
edgein the TCSP, �




� is the numberof edges,and
�

the
numberof nodesby �




� #

�

*

���

,+.

3

, the size of the meta-
CSPis in �

�

��� �	�

�

. Thus it is important to explore mech-
anismsto reducethe size of the meta-CSP. The only con-
straint in the meta-CSPis a global constraintfor which no
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EdgeOrd ( � )
�

� � all edgesof �

�

� nil
While

�

� do
	 
�� � � Edgeof

�

� appearingin thelargestnumberof trianglesin
�

�

�

� Append (
�

, � 	 
�� �����

�

� nil
While 	 
�� � do

Forall � suchthat � ��� is a subgraphof � do
�

� Append (
�

, � 	 
�� � , 	 � � � � ),
�

� Append (
�

, � 	 
�� � , 	 � � � � )
�

���

�

�
	�� 	 
�� �
� 	 
�� � , 	 � � � � , 	 
�� � � Pop(
�

)
Return

�

Figure7: Edge orderingheuristic.

IV

III

I

II

Figure8: Illustrating theexplorationof theedgesof a graphby theedge orderingheuristic.

ef�cient consistency algorithm is known. In a companion
paper[Xu andChoueiry, 2003b], we introducethe concept
of � Arc-Consistency asanapproximationto thegeneralized
arc-consistency of the meta-CSP. We also introducean ef�-
cient algorithm, � AC, that implements� Arc-Consistency.
We establishthat the complexity of � AC is �

�����������
���

�

�

� �




� � �

A

�

� �

���

�




� �

A

�

. This algorithm usessimple
datastructuresto save signi�cantly thenumberof constraint
checks2. We use � AC asa preprocessingstepto searchin
order to reducethe size of the explored tree. We have not
yet interleaved any lookaheadstrategy basedon � AC with
search,but planto dosoin thefuture.

5 Experimental results
Fig. 9 shows the TCSPsolverswe tested,with andwithout
pre-processingby � AC3.

TheSTPsolversweusedareDPC, PPC, and � STPof Sec-
tion 2. We combinedthemwith the techniquesproposedin
Section3 (i.e., AP, NewCyc, andEdgeOrd). We compared
their performancein termsof the numberof nodesvisited
NV, constraintchecksCC, andCPUtime. Sinceall CPUtime
curveshavealmostexactly thesameshapesastheCCcurves,
they are omittedto savespacebut are all availableuponre-
quest. Wecarriedoutour testsonrandomlygenerated,(guar-
anteed)connectedproblems.Our generator, describedin the
companionpaper[Xu andChoueiry, 2003b], guaranteesthat

2We areconsideringanimprovementthatmayestablishits opti-
mality.

3Thecompanionpaperusesonly DPC[Xu andChoueiry, 2003a].

at least80%of theseproblemshaveat leastonesolution.The
TCSPinstancesgeneratedhave thefollowing characteristics:

�

��� , � randomlychosenbetween1 and5, densityof the
temporalnetwork (

	

�

� �	�

�

� ������� �

� �
���� 

�

�

� �
�����

�

) variesin [0.02, 0.1]
with a stepof 0.02andin [0.2, 0.9] with a stepof 0.1. The
numberof variablesin themeta-CSP, for whichwemust�nd
all solutions, variesfrom 7 to 26. Thesizeof themeta-CSP
varieson averagebetween1.6 � �"!

# and5.2 � �"!

,

# . We av-
eragedthe resultsof over 100samples.The goal of our ex-
perimentswasto studythe effectson the varioussolversof
the improvementswe proposed4 (i.e., � STP, AP, NewCyc,
EdgeOrd,� AC), andto establishtheir effectivness.It is not
ourgoalhereto comparetheperformanceof thevariousSTP
solvers,which is discussedextensively in [Xu andChoueiry,
2003a].

Section5.1discussesthenumberof solutionsof theprob-
lemstested. Naturally, all solversmust �nd the samesolu-
tions. Countingthe numberof solutionswasuseful to con-
�rm thatall solversweresoundandthatour implementation
wasbug-free.Section5.2shows theeffect of our techniques
on the shapeof the treeby measuringthe numberof nodes
visited. Section5.3 shows the effect of our techniqueson
the variousTCSPsolvers (i.e., DPC, PPC, and � STP) on
thenumberof constraintchecks.In Sections5.2and5.3 we
also show how �ltering the meta-CSPwith � AC dramati-
cally improvestheperformanceof search.Theeffect of this

4Note that although decompositionaccording to articulation
points is a well-known technique,to the bestof our knowledge,it
hasnotbeenyetassessedexperimentally.
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Figure9: TCSPsolvers tested.

preprocessingis clearlyvisible in comparisonsof thescaleof
theverticalaxisof thechartswithoutandafterpreprocessing.
While thebene�ts of this �ltering algorithmarethe topic of
our companionpaper[Xu andChoueiry, 2003b], we con�rm
herethatit is usefulin any TCSPsolver.

5.1 Solutionsto the TCSP
Whendensityis low, therearefew constraints,any partialso-
lution is likely to beextendedto a globalsolution,andthere
are many solutionsto the meta-CSPas is seenin Fig. 10.
Indeed,under low density, the temporalnetwork (which is

��

��������

��������

��������

��������
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Figure10: Thenumberof solutionsof themeta-CSP.

guaranteedconnectedby construction)hasalmostno cycles.
Thus,almostany combinationof intervalsin the labelof the
edgesis a solution to the meta-CSP(seeProposition3.1).
Thenumberof solutionsquickly dropsdensity. When

	

=0.9,
thereareonly oneor two solutions,oneof which usguaran-
teedby construction.

5.2 Effectson the sizeof the search tree
The effects of AP and EdgeOrdon the `shape'of the tree
canbeassessedby thenumberof nodesvisitedNVby search.
They areshown in Fig. 11.

Notethattheeffectsof NewCyconthevariousSTPsolvers
(i.e., DPC, PPC, and � STP) are irrelevant to this measure-
ment. Indeed,they aim at reducingthecostof checkingthe
consistency of theSTPat a nodein the treeoncesearchhas
effectively reachedthenode.The` � ' in thelegendof Fig. 11

indicatesthat theseresultshold for all STP solvers tested.
Fig. 11shows thatAP reducessigni�cantly NVwhendensity
is low. Whendensityis high,almostnoarticulationpointex-
ists,henceAP doesnot impactNV. Theeffect of EdgeOrdis
quitedramaticacrossall valuesfor densitybecauseit allows
BT-TCSPto quickly identify dead-ends,asa goodordering
heuristicis supposedto do. Moreover, andthanksto � AC,
we startto noticetheexistenceof a phasetransitionthatap-
pearsaround

	

� ! 6 � andbecomesincreasinglyvisibleaswe
movetowardmoreeffectiveTCSPsolvers.

5.3 Effectson the number of constraintschecks
(sameasCPU time)

Herewe discusstheeffectsof our techniqueson thevarious
TCSPsolvers: DPC, PPC, and � STP. We show thebene�ts
of AP andNewCyc on DPC(Fig. 12). We show thebene�ts
of AP, NewCyconPPCfor bothPlan A (Fig. 13)andPlanB
(Fig. 14)Finally, weshow thebene�tsof EdgeOrdandNew-
Cyc underPlan A on � STP(Fig. 15).

Exploiting articulation points: For DPC(Fig 12)andPPC
(Fig. 13 and14), AP is againparticularlyeffective for low
densitygraphsbut uselessfor high densityones.

Newcyclecheck: NewCycdramaticallyreducesCCacross
all densityvalues(eventhoughit hasnoeffectonthenumber
of nodesvisited,asstatedin Section5.2).

Triangulation plans: The triangulationof an STPduring
search,requiredfor PPCsolver, is carriedout accordingto
Plan A (Fig. 13) and Plan B (Fig. 14) of Section2.2. By
comparingthescaleof theverticalaxisof thesetwo �gures,
weconcludethatPlanA is superiorto PlanB. Thiscanbeex-
plainedasfollows. Plan A triangulates,beforesearch,all the
networks that will be checked for consistency during search
(thereareexactly �




� suchgraphs).Plan B �nds thetriangu-
lation of anSTPat a givennodeduringsearchby inducinga
subgraphfrom the triangulatedoriginal STP. Hence,Plan B
triangulatesthenetwork only once,while Plan A carriesout
asmany triangulationoperationsas the numberof edgesin
thenetwork (andlevelsin thesearch).However, theinduced
subgraphsin Plan B endup muchdenserthantheonesused
by Plan A, thus requiring more effort from PPC, the STP
solver. Further, the fact thatPlan A yieldsno densergraphs
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Figure12: Constraint checksfor DPC-TCSP.

thanPlan B becomesan even more desirablefeaturewhen
TCSPis dense. This explains the signi�cant differencesin
behavior betweenPlan A andPlan B underhigh densityTC-
SPs.

The winning combination: In [2003a] we comparedthe
performancesof F-W, DPC, PPC, and � STPfor solving an
STP. We found thatDPC, PPC, and � STP consistentlyout-
performF-W, theFloyd-Warshallalgorithm.Further, � STP
consistentlyoutperformsPPC. Indeed,the former is a �ner
versionof the latter. Importantly, when the densityof the
temporalgraphis below 0.4, � STP(which guaranteesmini-
mality) outperformsDPC(whichdoesnot). For sensiblyhigh
densities,we found DPCto be moreeffective. Sincein the
searchfor solving the meta-CSPwe considersubgraphsof
the original network, the networks at the different levels of
the treearemorelikely to besparsethandense.This shows

that even whenthe TCSPis dense,� STP is a goodchoice
for theSTPsolver. Hence,amongthe techniquestested,the
bestcombinationonecould useto solve a TCSPis the one
we called � STP-TCSP(Fig. 9). Indeed � STPoutperforms
all TCSPsolversincluding the onebasedon DPC(compare
Fig. 12and15).

6 Conclusions

At the beginning of our investigations,the bestmechanism
known to datefor solving the meta-CSP5 wasonebasedon
DPC. We introduced � STP, enhancedit with NewCyc and
EdgeOrd,andshowedempirically that it resultsin dramatic

5Notethatwe do not includein our comparisionalgorithmsthat
tighten theseintervals in the labelsof the edges. Thosemay not
terminatein thegeneralcaseandareprohibitively expensive in the
integral case[Dechter, 2003].
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Figure14: Constraint checksfor PPC-TCSPusingPlanB.

improvements.Indeed,in comparisionto the original DPC,
the bestcombinationof our techniquesreducesthe number
of constraintchecksby a factorof 500(median)and40,000
(average)andthat of CPU by a factorof 320 (median)and
1,200(average).

Further, we showed that our techniquesuncover the exis-
tenceof a phase-transition-like phenomenonfor solving the
TCSP, which is mostvisible with � STP-TCSP. This obser-
vationcalls for moredetailedinvestigationsin this direction.
As directionsfor futureresearch,weplanto:

1. Investigatehow to exploit � AC in a lookaheadstrategy
for solvingthemeta-TCSP;and,

2. Evaluateempiricallyhow to improveBT-TCSPwith dy-
namic bundling [Choueiryand Davis, 2002], which is
particularlyattractive in this context sincewe arelook-
ing for all solutions.
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