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1 Abstract

In this paperwe proposea new ef�cient algo-
rithm, the � STP-solver, for computingtheminimal
network of the Simple TemporalProblem(STP).
This algorithm achieves high performanceby ex-
ploiting a topological property of the constraint
graph(i.e.,triangulation)andasemanticpropertyof
theconstraints(i.e.,convexity) in light of theresults
reportedby Bliek andSam-Haroud[1], whichwere
presentedfor generalCSPsandhave not yet been
appliedto temporalnetworks. Importantly, we de-
sign the constraintpropagationin � STP-solver to
operateon trianglesinsteadof operatingon edges
and implicitly guaranteethe decompositionof the
constraintgraphaccordingto its articulationpoints.
We alsoprovide extensive empiricalevaluationsof
all known algorithmsfor solving the STP on sets
of randomlygeneratedproblems.Our experiments
demonstratesigni�cant improvementsof � STP-
solver, in terms of number of constraintchecks
andCPUtime,overpreviously reportedalgorithms
such as the Floyd-Warshall algorithm (F-W) [5;
8], Directed-Path Consistency (DPC) [8], andPar-
tial Path-Consistency (PPC) [1].

2 Intr oduction

Many critical applications in planning and
schedulingrely on an ef�cient handlingof tempo-
ral information representedas a Simple Temporal
Problem(STP)[6; 8; 3]. Theef�ciency of thecon-
straintpropagationin suchanetwork is particularly
crucialin autonomousspaceapplicationsasdemon-
stratedby theDeepSpace1 RemoteAgentexperi-

ment[12]. Further, anef�cient STPsolver is a cru-
cial componentfor solvingtheTemporalConstraint
Satisfaction Problem (TCSP) becausethe search
processdesignedby Dechteret al. [8] for solving
theTCSPrequiressolvinganSTPat each nodeex-
pansion.Thus,theperformanceof theoverall pro-
cessdependsheavily ontheperformanceof solving
anSTP. In this paper, we proposea new algorithm,

� STP-solver, for solvingtheSTPanddemonstrate
empirically that it constitutesa dramaticimprove-
mentoverpreviouslyusedalgorithms.

We achieve this by �rst combining the results
developedby Bliek and Sam-Haroud[1] for gen-
eralConstraintSatisfactionProblems(CSPs)with a
new strategy for constraintpropagation,which re-
strictsthepropagationeffort to the trianglesof the
triangulatedconstraintnetwork insteadof its edges.
Then, we apply the resultingmechanismto solve
theSTP. Thetriangulationof thegraphandthecon-
vexity of the constraintsin the STPguaranteethat

� STP-solveris completeandsoundfor proving the
consistency of theSTPandfor �nding theminimal
(anddecomposable)network. This paperis struc-
turedas follows. Section3 recallsthe main prop-
erties of a CSP and shows how we use them in
our study. Section4 discussesthe algorithmsfor
solvingtheSTPandexplainstheadvantagesof the

� STP-solver. Section5 describesour experiments
andresults,andsummarizesour observations.Sec-
tion 6 concludesthispaper.

3 Background

A ConstraintSatisfactionProblem(CSP)is de-
�ned as follows. Given a set of variables,each
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with a set of possiblevaluesde�ning its domain,
and a set of constraintsthat restrict the combina-
tionsof valuesthatthevariablescanbeassignedat
thesametime, the taskis to assigna valueto each
variablesuchthatall constraintsaresimultaneously
satis�ed. Pathconsistency, aswe discussbelow, is
animportantpropertyof a CSP. RecentlyBliek and
Sam-Haroud[1] proposedthe Partial Path Consis-
tency (PPC) algorithm,which determineswhether
or not a network is pathconsistent.SincePPCop-
erateson the triangulatedconstraintgraph1, it re-
alizessigni�cant computationalsavingsoverprevi-
ously known algorithms,especiallyfor sparsenet-
works. In this paper, we �rst improve thepropaga-
tion mechanismof thePPCalgorithmby makingit
operateontrianglesinsteadof individualedges.We
thenusethe improvedversionto solve theSTP. In
thenext section,we recall themainpropertiesof a
CSPanddiscussthemin light of theSTP.

3.1 Main CSPproperties

The generalpropertiesof constraintgraphsand
themainalgorithmsfor achieving themareoutlined
below.

� Pathconsistency:Thispropertyensuresthatgiven
two valuesfor any two variablesthat satisfy the
constraintbetweenthesevariables,wecan�nd val-
uesfor variablesin any pathof any length(possi-
bly in�nite) that satisfy the constraintsalong the
path [11]. In generalCSPs,path-consistency al-
gorithmsPC (e.g.,PC-1 [11] andPC-2 [10]) are
usedto enforcepathconsistency by tighteningthe
binaryconstraints.(They alsotightenthedomains,
thus enforcing strong path-consistency.) Monta-
nari establishedthat thesealgorithms,which con-
sideronly pathsof lengthtwo, onacompletegraph2

guaranteea path-consistentnetwork [11]. The Di-
rectionalPath-Consistency (DPC) algorithm,which
achieves path consistency along a given ordering

�

of the variablesin the searchprocess,was pro-
posedby Dechter[7] asanef�cient approximation
of PC; it guaranteespathconsistency only in thedi-
rection that matters,which is that of search. Re-
centlyBliek andSam-Haroud[1] proposedthePar-
tial Path Consistency (PPC) algorithm, which de-

1A graph is triangulatedif every cycle of length strictly
greaterthan3 possessesachord.

2If thegraphis notcomplete,it is madesoby addinguniver-
salconstraintsbetweennon-adjacentedges.

termineswhetheror not a network is pathconsis-
tent without necessarilyproducinga tight network
aswith PC. SincePPCoperateson theedgesof the
triangulatedgraph(fewerthanthoseof thecomplete
graph),it realizessigni�cant computationalsavings,
especiallyin sparsenetworks.

� Minimality: Minimality, the centralproblemin
CSPs,is a propertystrongerthanpathconsistency.
It guaranteesthat all the binary constraintsare as
explicit (i.e., tight) aspossible[11].

� Decomposability: Decomposabilityis stronger
thanminimalityandguaranteesthatasolutionto the
CSPcanbe foundbacktrack-free.This is a highly
desirablepropertyandguaranteesthetractabilityof
theCSP.

� Consistency:In contrastto the above, the con-
sistency propertyguaranteesonly theexistenceof a
solution. Note that decomposabilityis a suf�cient
conditionfor consistency.

� Decompositioninto biconnectedcomponents:
The decompositionof the constraintgraphinto its
biconnectedcomponentsaccordingto its articula-
tion points3 is a known techniquefor enhancingthe
performanceof solving a CSPin general. It pro-
videsan upperbound,in thesizeof the largestbi-
connectedcomponent,to thesearcheffort [9]. We
establishthat thenew solver we introduce,� STP,
implicitly decomposestheconstraintgraphinto its
biconnectedcomponentswithout usingarticulation
point. This importantobservation justi�es its high
performance.

3.2 Propertiesof the STP

A SimpleTemporalProblem(STP)is de�nedby
agraph�������
	��
	���� where� is asetof vertices�

representingtimepoints; � isasetof edges����� � rep-
resentingconstraintsbetweentwo timepoints � and

�

; and � is a setof constraintlabelsfor the edges;
seeFigure1 (left). A constraintlabel ����� � of edge

����� � is a unique interval � ��	 �"! , ��	 �$#&% , and de-
notesaconstraintof boundeddifference�
' (

�
(

�)�

'&� . A TemporalConstraintSatisfactionProblem
(TCSP)is de�ned by asimilargraph� = �*�+	"�,	���� ,
whereeachedgelabel �-��� � = .0/214365

�7�

	�/)198�5

�7�

, :�:-: , /)14;<5

�7�>=

is
a setof disjoint intervalsdenotinga disjunctionof

3An articulationpoint of a graphis a vertex whoseremoval
disconnectsthegraph.A graphwith anarticulationpoint is sep-
arable,otherwiseit is biconnected.
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constraintsof boundeddifferencesbetween� and
�

,
seeFigure1 (right). Weassumethattheintervalsin

1,2e

= {[3, 5], [6, 9], ...}1,2I
1,2e

I = [3, 5]1,2

2

1

2

1

Figure 1. Left: STP. Right: TCSP.

a labelareorderedin acanonicalway. In thispaper
wefocusonSTPs,but weareintegratingourresults
into an algorithm for solving TCSPs. Below, we
show how we exploit thepropertiesof Section3.1
in thecontext of theSTP.

� Triangulation of network and convexity con-
straints. In addition to proposingPPC, Bliek and
Sam-Haroudalsoshowedthatwhentheconstraints
areconvex, thePCalgorithm(operatingonthecom-
pletegraph)and the PPCalgorithm(operatingon
the triangulatedgraph)yield the samelabelingfor
the edgescommonto both graphs. This impor-
tant feature of the PPCalgorithm has never been
exploited before in the context of STPs, in which
theconstraints–linear inequalities–areindeedcon-
vex. Our � STP-solver exploits this result and
yields signi�cant savings of the computationalef-
fortsoverpreviouslyavailabletechniquesfor estab-
lishingpathconsistency of theSTP.

� Distribution of compositionover intersection.
The two operatorson binary constraintsfor es-
tablishingpath consistency are constraintcompo-
sition � andconstraintintersection� . Montanari
showed that when constraintcompositionis dis-
tributiveoverconstraintintersection,PCguarantees
not only pathconsistency but alsominimality and
decomposabilility[11]. In thecaseof theSTP, con-
straint compositionis interval addition, and con-
straint intersectionis interval intersection,which
verify the distributivity asnotedby Dechteret al.
[8]. Thereforewe can deducethat the PPCalgo-
rithm andthe � STP-solver, guaranteetheminimal-
ity anddecomposabilityof the STP. DPCdoesnot
guaranteethe path-consistency, minimality or de-
composabilityof the constraintnetwork, however,
and this is an importantfeature,it canbe usedto
determinetheconsistency of theSTP.

� Decompositioninto biconnectedcomponents.In
thespecialcaseof theTCSP, anda fortiori theSTP,
Dechteret al. [8] showed that each biconnected

componentcanbe solved independently. If all the
componentsarefoundto beconsistent,thentheen-
tire network is consistent.If any of thecomponents
is not consistent,thentheoverall temporalnetwork
is not consistent.Theminimal network of theorig-
inal problemis obtainedby the union of the min-
imal networks of the individual biconnectedcom-
ponents.Whenthe constraintgraphis sparse,this
propertyis particularlyattractive. This allows usto
processthecomponentsin parallel,by independent
agents.Thus,decompositioninto biconnectedcom-
ponentsis particularlyattractivein thecaseof STPs,
especiallyfor large problemswith sparsegraphs.
Weshow thatthisdecompositionis implicit andau-
tomaticin our � STP-solver.

4 STP algorithms

Here we discussfour different algorithms to
solve STPs. The �rst two solvers,F-W andDPC,
have been extensively studied. However, their
performancein combinationwith a decomposition
strategy accordingto articulationpointshasnever
beencomparedbefore. The third STP solver we
studyis PPC, which hasnever beforebeenusedon
temporalreasoningproblems.Finally, weintroduce
ournew solver, � STP.

4.1 F-W & DPCwith articulation points

The Floyd-Warshall (F-W) algorithm for com-
puting all-pairs shortest-pathsis a specialcaseof
the PC algorithm. F-W is appliedto the distance
graphof an STP to computeits minimal network
in � ������� . As discussedin Section3, DPCis a sin-
gle passalgorithmandweaker thanPC. It doesnot
necessarilyyield a pathconsistent,minimal, or de-
composablenetwork, but it determinesif the STP
is consistent.DPCcanbemoreef�cient thanF-W;
insteadof � ������� , DPCcan determinethe consis-
tency of STPin � ���	��
 �

�

�

8

� , where ��
 �

�

� is the
maximumnumberof parentsthata nodehasin the
inducedgraphalongthe ordering

�

, which canbe
substantiallysmallerthan � .

We modify the F-W andDPCalgorithmsto ex-
ploit theexistenceof articulationpointsin thetem-
poral network. First, we identify the biconnected
components[5], thenwe executea particularSTP
solver on each component,independently. This
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yields two algorithms,F-W+AP andDPC+AP, re-
spectively. It is easyto show that F-W+AP and
DPC+APnever check more constraintsthan F-W
andDPC. In fact, for a sparsenetwork, our exper-
imentsshow that they checksubstantiallyless.We
alsoshow empirically that, even in the absenceof
articulationpoints, F-W+AP and DPC+APalmost
never requiremoreCPU time thanthe original al-
gorithms;whenthey do, thedifferenceis insigni�-
cantdueto theoverheadfor �nding thearticulation
points.

4.2 PPCalgorithm for STPs

PPCwasintroducedfor generalCSPsby Bliek
and Sam-Haroud[1] who showed that the path-
consistency property can be determinedin con-
straintgraphsby triangulatingtheminsteadof com-
pleting them. They showed a signi�cant improve-
mentin performancein comparisonto PCin sparse
networks. They also establishedthat, for convex
constraints,bothPPCandPCcomputethesamela-
belingfor theedgescommonto bothgraphs.Since
the constraintsin the STP(constraintsof bounded
difference)areconvex, we apply for the �rst time
PPC to solve a continuousdomain problem and
computetheminimalnetwork of theSTP.

As speci�ed in Figure 2, the PPC algorithm
startsby triangulatingtheconstraintgraph � , then
iteratesover a queue ��� of all edges,including
thoseedgesaddedto thetemporalgraphby thetri-
angulationprocess.It popsan arbitrary edge �

��� �

from the queue,recovers all triangles ��� 	

�

	���� in
which ����� � participates,andupdatesits label ����� � by
composingtheintervals �����

;

and �

;

� � andintersect-
ing the resultof this compositionwith the interval

� ��� � . We slightly modify the original algorithmto
allow it to updateall threeedgesat onceandto ter-
minatewhenthequeueis emptyor inconsistency is
found. The distributivity propertyof interval addi-
tion over interval intersectionguaranteesthat run-
ning PPCon anSTPresultsin thetightestpossible
labeling(i.e.,minimal)of theexistingedges.

4.3 � STPalgorithm

The goal of PPC is to make the labels of the
edgesof the triangulatedconstraintgraphas tight
aspossible.Whenthelabelof anedgein a triangle

PPC ( � ):
Begin
consistency 	 True




	 Triangulate( � )
�
�

	 edgesin



While
�����

consistency Do
����� �

	 Dequeue(
� �

)
Forall

;

suchthat �

�������

;��

is asubgraphof
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���

��� �

	

�
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%

�
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%
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��� �
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When
� �

�'� � #

%

�

�'� � Then
�

�'� �

	

� �

�'� � andEnqueue
1

�

�'� �

�

�
�

5When
�

��� � ,
�

��� � or
�

�'� � is emptyThen consistency 	 False
Return consistency
End

Figure 2. ThePPCalgorithm,slightly improved
to considersimultaneouslyall threeedgesin a tri-
angle.

is not astight asit couldbe,giventhe labelsof the
otheredgesin thetriangle,thelabelis tightenedac-
cordingly. This processmayrequiretighteningthe
otheredgesin thetriangleasshown in Figure3. In

A

B

C

[6, 9]
[2, 7]

[2, 12]
A

B

C

[6, 9]
[2, 7]

[8, 12] A

B

C

[6, 9]

[8, 12]

[2, 6]

Figure 3. An exampleof updatingedges. The
labelof edgeBC thenthatof AC areupdated.

thisexamplewecanseethatit is worthconsidering
all threeedgesof a given triangle simultaneously
and updatingthem sequentially. This observation
is thebasisof our �rst improvementto PPC, andis
alreadyintegratedin thealgorithmof Figure2.

When the label of an edge in a given trian-
gle is updated,PPCtriggersconstraintpropagation
over all the trianglesin which any of the edgesof
the original triangleparticipate.This is clearly an
overkill sinceonly the trianglesin which the up-
datededgesparticipateneedto considered.Thisob-
servationwasthemotivationfor ournew algorithm.

While all existing methodsconsiderthe tempo-
ral network as composedof edges,our new algo-
rithm considersthe STPascomposedof triangles
(seeFigure4). Thegraphof the temporalnetwork
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D = <a, c, e>

E = <c, d, e>

C = <b, c, e>

f
e

d

cb

a

B = <a, b, e>

A = <a, b, c>

Figure 4. Thetemporal graphasa graphof tri-
angles.

is replacedby a graphof triangles. Eachtriangle
is representedby a node,and two nodesare con-
nectedif and only if the trianglesthey represent
have a commonedge. Thus � STP appearsasan
AC3-like algorithm[10] on this graphof triangles.
If an edgeof the original constraintgraphis not a
partof any triangle,it is omittedfrom thegraphof
triangles. Indeed,an edgethat doesnot appearin
any trianglehasnoeffectontheconstraintpropaga-
tion in theSTPandthuscanbesafelyomittedfrom
thegraphof triangles.Consequently:

Proposition 4.1. A tree-structured STPis decom-
posableandconsistent,andits edgelabelsaremin-
imal.

We call our new algorithm � STP, althoughit
is applicableto generalCSPsandwould morecor-
rectlybecalled � PPC. Thenew algorithmis shown
in Figure5. First, we triangulatethe temporalnet-

�

STP( � ):
Begin
consistency 	 True




	 Triangulatethegraphof �

���

	 all trianglesin



While
�

�
�

consistency Do
�

�

	 emptylist
�

�������

; �

	 First(
���

)
�

�

��� �

	

�

��� �
�

1

�

��� �! 

�

�"� �
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�

�

��� �$#

%

�
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5

�
�
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1

�
�'� �

�

�
�

5When
�

��� � ,
�

��� � or
�

�'� � is emptyThen consistency 	 False
When consistency

For ���
� ���

���

Do
	

�
� �

	 all trianglescontaining�
�

� �

For ��


�
� ���

�

�

	

�
� � Do

Unless ��


��� ���

�

�

���

Then Enqueue(��
 ��� ���

�

,
���

)
�

�

	 Remove( �

�������

;��

�

�
�

)
Return consistency
End

Figure 5. The
�

STPalgorithm.

work, using for examplethe algorithm devised in
[13], which mayresultin new edges.We addthese
edgesto the original constraintgraphasuniversal
constraintssettingtheir label to �

(��

	

�

� . Then
we put all the trianglesinto a queue, �

	 , of size
� ��� ������������� ����� �6� )4. Wecheckeverytrianglein the
queue. If a given triangle ���"	

�

	�� � is not minimal,
thenwe updateoneor moreof its edges.We then
retrieveall theadjacenttrianglesthatcontainany of
the updatededgesandaddthemto �

	 if they are
not alreadythere.Finally, we remove ��� 	

�

	 � � from
thequeue,andrepeatthisprocessuntil �

	 is empty
or inconsistency is found.

4.4 Featuresof � STP

We summarizethefeaturesof � STPasfollows:
�

� STPhasthesamepruningpowerasF-W with
lesseffort. � STPachievesminimality on thetrian-
gulatedgraph,without requiringthecompletionof
thegraph,which is necessaryfor F-W. This yields
dramaticgainsin thecomputationaleffort.

�

� STP automaticallydecomposesthe graph into
its biconnectedcomponents.Thedecompositionof
thegraphinto its biconnectedcomponentsis anef-
fective techniqueto bind the searcheffort anden-
hancethe performanceof solving a CSP. Our ex-
perimentsof Figure7 and8 andTable2 and3 show
how sucha strategy can improve the performance
of the F-W algorithm, even when the articulation
pointsmustbe explicitly identi�ed. Becausecon-
straintspropagatethroughtriangles,PPCandcon-
sequently� STP implicitely exploit the decompo-
sition into biconnectedcomponents.Considera tri-
angulatedtemporalnetwork composedof two sets
of nodes! = .#" , $

3

, $

8

, :�:-: , $&%

=

and ' = .�" , (

3

,
(

8

, :�:-: , (�)

=

, and" is thearticulationpoint. Suppose
thatedgesexist only betweennodesin either ! or

' . Sinceno edgesconnectthesetwo sets,there
obviously are no trianglesthat connectthem. All
trianglesareeitherin set ! or in set ' . As shown
in Figure4, two trianglesin the graphof triangles
canonly be connectedby a commonedge.There-
fore, no trianglein set ! is connectedto a triangle
in set ' . WhenPPCandconsequently� STPprop-
agateconstraintsthroughneighboringtriangles,no
updatesin set ! mayaffect trianglesin set ' . As a
result,PPCand � STPimplicitly guaranteethatar-

4Notethat *,+.-0/2143
/�/6587,9
9:+<;
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ticulationpointsin thegraph(if any), areexpoited,
as if the network was decomposedinto its bicon-
nectedcomponentswithout actually decomposing
it.

�

� STPis cheaperthanPPC. � STPandPPCuse
the sameideaof Bliek andSam-Haroud[1]; how-
ever, � STPis morecarefulabouthow updatesare
propagatedand thus exploits triangulationof the
graphmore effectively than PPC. Although prop-
agationof PPCoccursthroughtriangles,PPCdoes
not havea mechanismto recordwhich trianglesre-
ally needto bechecked.This inability causessome
unnecessaryconstraintchecksanda wasteof CPU
time.

� Our improvementin solvingtheSTPdirectlyben-
e�ts thetaskof solvingtheTCSP. TCSPis NP-hard
and is solved with backtracksearch. Every node
expansionin thesearchtreeneedsto solve anSTP.
Thusa goodSTPsolver is crucial for solving the
TCSP. Wearecurrentlydemonstratingthis ideaand
showing how the decompositioninto independent
componentsis particularlyusefulin thiscontext.

5 Empirical evaluations

We implementedthefollowing six algorithmsin
CommonLisp. Floyd-Warshall (F-W), Directed-
PathConsistency (DPC), andin combinationwith a
mechanismfor detectingandexploiting articulation
points, F-W+AP and DPC+AP, Partial Path Con-
sistency (PPC), andour new triangle-basedsolver
( � STP).Weusedthreegeneratorsof randomSTPs:
GenSTP-1, SPRAND, andGenSTP-2. GenSTP-
1 is ourown generator. We designedit to guarantee
that graphsareconnectedandthat at least80% of
thegeneratedinstancesareconsistent.SPRANDis
oneclassof STPsgeneratedby the public domain
library SPLIB , [4]. All the problemswe gener-
ate with SPRANDhave a cycle connectingall the
nodes(i.e.,a structuralconstraint).This guarantees
strongconnectivity andthe absenceof any articu-
lation points. Finally, GenSTP-2 is a generator
givento usby IoannisTsamardinosandwasusedin
[14]. GenSTP-2 doesnot enforcetheexistenceof
a structuralconstraint.Thedensityof thetemporal
network is de�ned as �
� ��������( �

�

�

� ���

�

�
���

�

�

�

�	��


� ���

�

�
� �

� .
Table1 summarizesthecharacteristicsof theprob-
lemstested,including thesizeof the instancesand
thenumberof samplesgeneratedfor eachmeasure-

mentpoint. The results,measuredin termsof the
numberof constraintchecksandCPU time, were
averagedoverthenumberof instancesandshoweda
precisionof 5%. Thedetaileddataof theaboveex-
perimentson theinstancesgeneratedby GenSTP-
1 andSPRANDareshown in Table2 and3. The
CPUtime measurementsaremadein msec,with a
clock resolutionof 10msec.

5.1 Experimentsconducted

Using the 50-node problems generated by
GenSTP-1, we conductedthe following experi-
ments:

� Managing the queuein � STP. The mannerin
which trianglesare insertedin the queueaffects
theperformanceof � STP. We testedthreeheuris-
tics for adding the trianglesto the queue: at the
front of queue ( � STP-front ), at the end of
queue( � STP-back ), and randominsertion into
the queue( � STP-random ). All threestrategies
resultedin the sameoutput(i.e., the samelabel of
theedges).Theresultsin termsof constraintchecks
are presentedin Figure 6. The resultsshow that

� STP-back consistentlyperformstheleastnum-
berof constraintchecks.This canbeinformally in-

��

����������

����������

����������

����������

������������

������������

������������

������������

������������

�� ������ ������ ������ ������ ������ ������ ������ ������ ������ ��

�'�H�Q�V�L�W�\

�&�
R�Q

�V�
W�U

�D�
L�Q

�W�
V��

�F�
K�H

�F�
N�V

�' STP-front

�' STP-random

�' STP-back

GenSTP-1: 50 nodes

Figure 6. Constraint Checksfor
�

STP-front ,
�

STP-back and
�

STP-random .

terpretedasfollows. It is moreeffective to propa-
gatethe constraintsasearly aspossibleacrossthe
network, in a `sweeping'manner. Interestingly, we
noticed that quiescencewas consistentlyreached
in 7 or fewer iterations. We use � STP-back in
therestof ourstudy.

� Computingtheminimalnetwork. F-W, F-W+AP,

6



Table 1. Parameters of problemsgenerated.
Problemsize

Generator #Nodes Density #Edges Samples Results
Range Step Range Step per point

GenSTP-1 50,100 [0.01,0.1] 0.01 100 Table2 and
50,100 [0.2, 0.9] 0.1 100 Figure6, 7, 8

SPRAND 50 [200,2000] 200 100 Table3
100 [400,1400] 200 100
100 [1600,2800] 400 100
257 0.016 768 5 Figure9
513 0.008 1536 5

GenSTP-2 256 0.016 3 � 256= 768 5 Figure9
512 0.008 3 � 512= 1536 5
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Figure 7. Constraint Checks(left) andCPUtime(right) for F-W, F-W+AP, PPC, and
�

STP.

PPCand � STP (but not DPC) result in the labels
of thecommonedges,theminimal labels.Figure7
shows that � STP clearly and signi�cantly domi-
natesall others,for all valuesof density.

� Savingon the constraint checks. DPCdoesnot
necessarilyyield the minimal network, but it can
determinewhetheror not thenetwork is consistent
in signi�cantly fewer constraintchecksthanF-W.
Figure8 showsthat � STP, which is morepowerful
in termsof pruningpower andyields the minimal
network, dominatesDPC-like strategieswhenden-
sity is lessthan50%.

� Effect of problemsize. In order to comparethe
performanceof thesedifferent solvers on larger
problems,wetestedthemonlargerproblemsgener-
atedby SPRANDandGenSTP-2. Figure9 and10
show the ratio of the numberof constraintchecks
andthat of the CPU time neededfor all six strate-
giesin referenceto thevaluesneededfor F-W.

5.2 Observations

From the above experiments,we draw the fol-
lowing observations:

� Using articulation points. Dechter et al. [8]
showed that decomposingthe temporal network
into its biconnectedcomponentsis particularlyef-
fective in enhancingthe performanceof search.It
is worth recallingthat this decompositiondoesnot
affect the quality of the solution: the sameedge
labelsare found with and without decomposition.
Figure 7 and 8 show that only F-W realizessig-
ni�cant savings when the densityis low. In con-
trast, decompostioninto biconnectedcomponents
doesnot bene�t the DPCsolver to the sameex-
tent. This can be explained by the fact that the
cost of DPCis boundedby � � �	�



�

�

�

8

� , where
�



�

�

� is the maximumnumberof parentsthat a
nodehasin theinducedgraph.Decompositiondoes
not signi�cantly changethe inducedwidth �



�

�

� ;
thetotal costof solvingthesubproblemsis not sig-
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Table 2. Experimentalresultsfor STPsolvers on randomSTPgeneratedbyGenSTP-1.
RandomSTP generatedby GenSTP-1 with 50nodes

�

F-W F-W+AP DPC DPC+AP PPC
�

STP
Density CC CPU (s) CC CPU (s) CC CPU (s) CC CPU (s) CC CPU (s) CC CPU (s)

0.01 122200.5 0.822 29924.05 0.2091 1777.03 0.1168 744.44 0.0307 273.97 0.0039 125.75 0.0025
0.02 123001.5 0.8347 59091.93 0.4026 3572.7 0.1304 2364.62 0.0683 837.9 0.0109 409.64 0.0045
0.03 120339.99 0.8389 79195.61 0.5297 4769.95 0.1376 3833.36 0.0945 1532.55 0.02 761.71 0.0091
0.04 120044.01 0.8063 90934.63 0.6029 6411.11 0.1547 5525.58 0.1176 2529.68 0.03 1270.41 0.0115
0.05 117382.5 0.7935 99076.94 0.6591 8106.14 0.161 7510.24 0.1394 3766.13 0.0433 1910.97 0.0188
0.06 120075.49 0.8209 108975.06 0.7251 10204.46 0.1804 9746.2 0.1679 5207.57 0.0599 2622.19 0.0269
0.07 120940.51 0.8637 113426.05 0.756 11487.391 0.189 11175.431 0.1818 6679.19 0.0782 3445.79 0.0358
0.08 116800 0.7862 112267.63 0.7598 11715.94 0.1894 11447.12 0.181 7861.92 0.0879 4109 0.0424
0.09 115321.5 0.7778 112951.92 0.7525 13024.311 0.1976 12915.95 0.1986 9240.66 0.1031 4800.74 0.0531
0.1 116336.5 0.7947 114676.23 0.7617 14072.08 0.2115 13975.311 0.207 10857.08 0.1247 5705.62 0.0649
0.2 108926.5 0.7335 108852.99 0.7342 21203.27 0.2717 21203.262 0.2705 23677.2 0.2624 12631.6 0.1533
0.3 120195.99 0.8113 120195.99 0.8019 28912.988 0.347 28912.988 0.3442 41404.09 0.4637 22206.16 0.2676
0.4 106959.5 0.7213 106959.5 0.7147 27121.85 0.3313 27121.85 0.3252 43483.79 0.4958 23388.791 0.291
0.5 108896.5 0.7487 108896.5 0.732 29731.49 0.3506 29731.49 0.3514 53446.668 0.6162 28504.24 0.3553
0.6 109074.99 0.7376 109074.99 0.7314 31533.85 0.3732 31533.85 0.3692 57422.24 0.6662 30716.22 0.4083
0.7 109592 0.7502 109592 0.7294 32002.16 0.3795 32002.16 0.3725 62265.727 0.7224 33464.38 0.4269
0.8 107428.51 0.7298 107428.51 0.7116 32391.83 0.3816 32391.83 0.3719 64625.727 0.7439 34257.42 0.443
0.9 108566.5 0.741 108566.5 0.7207 33249.992 0.3925 33249.992 0.3796 67977.31 0.7931 36429.34 0.4616

Random STPgeneratedby GenSTP-1 with 100nodes
0.01 976155.06 8.3611 486223.66 4.088 21574.19 1.0156 14401.68 0.5275 4424.22 0.0586 2225.99 0.0108
0.02 955417 8.2284 737264.25 6.2037 45044.293 1.3432 39022.73 0.9329 14764.17 0.2035 7803.66 0.0772
0.03 944883 7.9927 855073.25 7.142 71363.34 1.3655 67750.06 1.2528 31849.158 0.3818 16698.209 0.1795
0.04 920881.06 7.8254 879589.9 7.3463 89384.945 1.4859 87387.805 1.4347 49463.91 0.5777 26350.969 0.3076
0.05 931483.06 7.8308 918906.56 7.71 115620.83 1.7429 114994.93 1.7121 72491.46 0.8411 38301.637 0.472
0.06 886372.94 7.5324 879934.7 7.3403 116526.336 1.6933 116144.984 1.6616 85443.125 1.0262 45141.34 0.5847
0.07 916842 7.7882 914465.9 7.6159 145073.03 1.9288 144846.11 1.9396 113607.77 1.3013 61303.09 0.8185
0.08 924955.94 7.907 924361.94 7.7039 148479.61 1.9416 148393.72 1.9335 129904.16 1.4633 70892.98 0.9267
0.09 935953 7.9439 935805.6 7.7978 167192.17 2.1092 167192.17 2.1225 161399.25 1.8614 86110.63 1.1857
0.1 895177 7.7186 894583 7.4615 165887.34 2.086 165803.48 2.0561 165634.69 1.9312 90790.92 1.2733
0.2 883597 7.5387 883597 7.3604 218225.31 2.4666 218225.31 2.4527 320976.06 3.7723 175113.86 2.6166
0.3 860400 7.4074 860400 7.1667 232372.25 2.5446 232372.25 2.5384 396075.3 4.7658 219178.31 3.3071
0.4 833850 7.1203 833850 6.9936 240254.4 2.6094 240254.4 2.5553 446748.47 5.4984 247012.77 3.805
0.5 879490.06 7.554 879490.06 7.3287 262964.03 2.8133 262964.03 2.7976 520176.78 6.4435 287163 4.4565
0.6 891914.06 7.6565 891914.06 7.4904 276184.53 2.9108 276184.53 2.8815 564749.56 6.734 309157.75 4.7986
0.7 866636 7.4485 866636 7.3051 267027.4 2.8092 267027.4 2.8233 554381.6 6.5875 303306.12 4.7356
0.8 847892 7.3271 847892 7.2994 258738.61 2.733 258738.61 2.6769 552344.1 6.4986 299997.22 4.8764
0.9 854969 7.3954 854969 7.3383 266861.47 2.8032 266861.47 2.7704 568128.25 6.7406 309514.87 4.9663

ni�cantly smallerthan that of solving the original
problem. Whendensityis high, the network can-
notbedecomposed,andF-W+APandDPC+APper-
form almostthesameasF-WandDPC, respectively.
Theproblemsgeneratedby SPRANDcannotbede-
composedbecauseof the existenceof a cycle that
connectsall nodes(i.e., structuralconstraint). In-
deed,Table3 shows thesamenumberof constraint
checksfor thealgorithmswith andwithoutarticula-
tion points.However, therequiredeffort for �nding
thesearticulationpointsis negligible, asCPUtimes
arethesamewithin theresolutionof theclock.

� Improvementsdue to PPC: Given the constraint
semantics,PPCis guaranteedto yield thesamela-
belsasF-W andF-W+APon their commonedges.
Since PPC operateson the triangulatedgraph, it
performssigni�cantly betterfor low densityvalues
than F-W, which operateson the completegraph,
andevenF-W+AP, which exploits theexistenceof
articulationpoints.Whentheconstraintdensityin-
creases,the numberof trianglesin the graphalso
increasesand so doesthe cost of PPC. However,
the numberof constraintchecksand, to someex-
tent, theCPU time for PPCremainlessthanthose
for F-W andF-W+AP, whichquickly reachastable

value, � ������� . For thelargerproblemsgeneratedby
SPRANDandGenSTP-2), Figure9 and10 show
the PPCoutperformsDPCandDPC+AP, which in
turn outperformF-W andF-W+AP. Note,however,
thatDPCandDPC+APdonotyield thetightestnet-
work. A comparisonof Figure 9 and 10 shows
that theperformanceof PPCis betteron problems
generatedby GenSTP-2 thanon thosegenerated
by SPRAND. This is due to the existenceof a cy-
cle connectingall thenodesin problemsgenerated
by SPRAND, which prevents decompositionsand
causesthe triangulationprocessto add relatively
moreedges.

� Improvementsdueto � STP. As a re�nementof
PPC, � STP exploits the bene�ts of triangulation
to a greaterdegreethan PPCdoes. Experimental
resultsshow that � STP hasalways betterperfor-
mancethanPPCin all experimentswe performed
(Figure7andTable2 and3). For high densityval-
ues, � STP can show a worse performancethan
DPC(Figure8). However, this slight degradationis
misleadingsinceit doesnot accountfor theoutput
of thesetwo algorithms.Indeed,� STPguarantees
theminimal network andDPCdoesnot. Hence,the
performanceof the former remainssuperior. The
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Table 3. Experimentalresultsfor STPsolvers on randomSTPgeneratedbySPRAND.
RandomSTP generatedby SPRANDwith 50nodes

Number of
�

F-W F-W+AP DPC DPC+AP PPC
�

STP
Edges CC CPU (s) CC CPU (s) CC CPU (s) CC CPU (s) CC CPU (s) CC CPU (s)
200 125000 0.8467 125000 0.8255 21824.031 0.2798 21824.031 0.2847 20247.77 0.236 12111.471 0.1595
400 125000 0.8492 125000 0.8301 30981.5 0.3677 30981.5 0.3732 42313.25 0.4893 25902.35 0.347
600 125000 0.8441 125000 0.8244 34524.73 0.4044 34524.73 0.4035 56231.418 0.6606 34142.043 0.4656
800 125000 0.8467 125000 0.8274 36254.89 0.4255 36254.89 0.4176 64894.547 0.7594 39436.86 0.5334
1000 125000 0.8457 125000 0.8281 37302.24 0.4369 37302.24 0.4318 69790.15 0.825 42623.07 0.5697
1200 125000 0.8521 125000 0.8242 38020.63 0.4473 38020.63 0.4382 73899.914 0.8671 44889.09 0.5796
1400 125000 0.8501 125000 0.8243 38502.508 0.4556 38502.508 0.4442 76743 0.9067 46354.59 0.608
1600 125000 0.8513 125000 0.8331 38902.95 0.4647 38902.95 0.4458 79116.336 0.927 47597.69 0.6287
1800 125000 0.8553 125000 0.8343 39166.152 0.4694 39166.152 0.4532 80540.03 0.9526 48321.05 0.6306
2000 125000 0.8621 125000 0.8363 39381.36 0.4577 39381.36 0.4519 81024.4 0.9536 48789.93 0.6291

Random STPgeneratedby SPRANDwith 100nodes
400 1000000 8.5076 1000000 8.3707 167877.39 2.1703 167877.39 2.1947 144819.36 1.7659 85055.414 1.4427
600 1000000 8.5019 1000000 8.3572 218599.22 2.5686 218599.22 2.5723 241016.73 2.8585 146966.83 2.5927
800 1000000 8.5177 1000000 8.3523 245378.12 2.775 245378.12 2.7759 318725.3 3.7333 198716.12 3.441
1000 1000000 8.5218 1000000 8.3476 263177.97 2.9213 263177.97 2.9205 380805.94 4.4388 236103.58 4.1202
1200 1000000 8.6507 1000000 8.3242 275036.7 3.0351 275036.7 3.0053 434212.72 5.0349 268235.28 4.6083
1400 1000000 8.6643 1000000 8.3216 283548.44 3.0986 283548.44 3.0367 474789.12 5.4202 292905.87 4.886
1600 1000000 8.7028 1000000 8.3169 289520.4 3.1461 289520.4 3.082 512087.9 6.1406 313113.25 5.4773
2000 1000000 8.7978 1000000 8.3284 298104.53 3.2074 298104.53 3.148 565111.94 6.9515 343748.66 6.0293
2400 1000000 8.5296 1000000 8.3569 303608.8 3.2493 303608.8 3.2088 599295 6.7189 365377.84 5.9462
2800 1000000 8.8195 1000000 8.341 307894.12 3.2842 307894.12 3.2199 631238.44 7.3478 382691 6.1807
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Figure 8. Constraint Checks(left) andCPUtime(right) for DPC, DPC+AP, and
�

STP.

experimentson large problems,shown in Figure9
and10,demonstratethat � STPis theabsolutewin-
ner over all algorithms.A comparisonof Figure9
and10 shows that � STP, like PPC, is sensitive to
the structureof the temporalgraph(i.e., the exis-
tenceof a cycle). It is moreeffective on problems
generatedwith GenSTP-2 thanonthosegenerated
with SPRAND.

5.3 Signi�cance of our results

In practice,mostreal-worldapplicationsexhibit
typically STPswith largesizeandlow density[2].
The performanceof an STP solver in thesesitua-
tionsbecomesextremelyimportant. � STP is per-
fectfor thiskindof job. Itsoutstandingperformance
underlow densityis particularlyadvantageousand
makesit thebestalgorithmdevelopedto date.Fur-
ther, whensolvingaTCSPwith search,theSTPex-
aminedateachnodein thesearchtreeis asubgraph

of the original TCSP and thus has a lower den-
sity than the TCSP. This supportsthe importance
of anef�cient STPsolver for low densitynetworks.
We expectthecombinationof � STPwith a TCSP
solver to improve dramaticallythe performanceof
currentTCSPsolvers.

6 Conclusionand futur e work

We introduced� STP, a new ef�cient algorithm
for solving theSTP. Our algorithmadvantageously
exploits previous resultsreportedin the literature
and binds them via a new strategy for constraint
propagationbasedon triangles. We demonstrated
that this algorithm outperformsall previous ones
in termsof pruning power and performance.We
arecurrently integratingour new STPsolver with
a TCSPsolver to improve the performanceof the
latter. More importantly, � STPsolver providesus
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with a new perspective on temporalproblemsas
composedby a setof triangles,wheretwo triangles
areconnectedif andonly if they haveonecommon
edge.Constraintpropagationcanbecarriedout ac-
cordingto this new graphof triangles. We areex-
ploiting thisideato improvethesearchperformance
of theTCSPsolver.
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