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1 Abstract

In this paper, we addressthe taskof �nding theminimal network of a TemporalCon-
straintSatisfactionProblem(TCSP).We reportthe integrationof threeapproachesto
improve the performanceof the exponential-timebacktracksearch(BT-TCSP)pro-
posedby Dechteret al. [6] for this purpose.The�rst approachconsistsof usinga new
ef�cient algorithm( � STP)[21] for solving the SimpleTemporalProblem(STP),an
operationthatmustbeexecutedat eachnodeexpansionduringBT-TCSP. Thesecond
approachimprovesBT-TCSPitself by exploiting thetopologyof thetemporalnetwork.
This is accomplishedin threeways: �nding and exploiting articulationpoints (AP),
checkingthe graphfor new cycles(NewCyc), andusinga new heuristicfor edgeor-
dering(EdgeOrd).The third approachis a �ltering algorithm, � AC, which is usedas
apreprocessingstepto BT-TCSP, andwhichsigni�cantly reducesthesizeof theTCSP
[22]. In additionto introducingtwo new techniques,NewCyc andEdgeOrd,this pa-
perdiscussesanextensive evaluationof themeritsof theabove threeapproaches.Our
experimentsonrandomlygeneratedproblemsdemonstratesigni�cant improvementsin
thenumberof nodesvisited,constraintchecks,andCPUtime.

2 Background and Moti vation

A SimpleTemporalProblem(STP)is de�ned by a graph �����
	���
������ where 	 is a
setof vertices� representingtimepoints��� ; 
 is asetof directededges����� � representing
constraintsbetweentwo timepoints��� and��� ; and � is asetof constraintlabelsfor the
edges,seeFig. 1 (left). A constraintlabel ����� � of edge����� � is aninterval  !"�$#&% , !'�$#)(+* ,
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Fig.1. Left: STP. Right:TCSP.
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is asetof
disjoint intervalsdenotingadisjunctionof constraintsof boundeddifferencesbetween�

and� , seeFig. 1 (right). Weassumethattheintervalsin a labelaredisjointandordered
in a canonicalway. Thefollowing is a typicalexample:

Tom hasclassat 8:00 a.m.He can either make breakfastfor himself(10-15
minutes),or getsomethingto eatfroma local store (lessthan5 minutes).After
breakfast(5-10minutes),hegoesto schooleitherbycar (20-30minutes)or by
bus(at least45minutes).Today, Tomgetsupbetween7:30a.m.and7:40a.m.

Wewish to answerqueriessuchas:“CanTomarriveatschoolin time for class?”,“Is it
possiblefor Tomto takethebus?”,“If Tomwantedto savemoney by makingbreakfast
for himself and taking the bus, when shouldhe get up?”, and so on. This temporal
problemcanberepresentedasa temporalgraph.

Let ��� bea referencetime-point(e.g.,6:00am), �

� thetime point Tom getsup, �




the time point he startshis breakfast,��� the time point he �nishes it, and ��� the time
pointhearrivesat theschool.Fig. 2 showsthetemporalgraphof thisTCSP.
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Fig.2. A TCSPexample.

Dechter[5] describedabacktracksearchprocedure(BT-TCSP)for solvingaTCSP,
whichis anNP-hardproblem.To thisend,theTCSPis expressedasa`meta'Constraint
SatisfactionProblem(meta-CSP).Thevariablesof themeta-CSParetheedges�

��� � of
� . Their numberdependson thedensityof thetemporalgraph.Thedomainof a vari-
able ����� � is its label, � ��� � =

���	���	�

� �

,
�	��
��

� �

, 
�
�
 ,
�	�����

� ���

. A partial solutionis a set
�

����� � �
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� �

�

�

of variable-valuepairs(vvps) that form a consistentSTP, which is a global constraint.
A completesolutionis a consistentSTPin which all theedgesof � appear. Themini-
mal network of theTCSPis theunionof all completesolutions.Eachnodein thetree
generatedby BT-TCSPis an STP ��� that has 
�� edges,a subsetof the edgesof the
originalnetwork ( 


�! 

 ), eachlabeledwith a uniqueinterval from its domain.When

�
�
is consistent,thenodeis expandedby addingto �

�
anedgefrom �



-



�
� labeled

with aninterval from its domain.This yieldsa new STPthat is checkedagainfor con-
sistency. Fig. 3 illustratesthetreecorrespondingto theexampleof Fig. 2, whereedges
areconsideredin their lexicographicalorder.

In this paper, we combinethefollowing techniquesto improve theperformanceof
BT-TCSP, anddemonstratetheir effectivenesson randomlygeneratedproblems:

1. Every nodein the tree is an STP that needsto be solved beforethe searchcan
proceed.Hence,theperformanceof aTCSPsolverdependscritically onthatof the
STPsolver. We comparefor the �rst time theperformanceof variousknown STP
solvers, including a new one, � STP, that we proposedin [21]. We show that it
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Fig.3. Thesearch treefor theexampleof Fig. 2.

outperformsall others.Notethattheperformanceof theSTPsolverdoesnotaffect
thenumberof nodesvisitedin BT-TCSP.

2. Onewell-known techniqueto improve theperformanceof a CSPis to decompose
it into sub-problemsusing its articulationpoints [9, 11,6], and to solve the sub-
problemsindependently. We provide for the �rst time an empiricalevaluationof
theeffectivenessof this technique.

3. Furtherexploiting the topologyof the temporalnetwork, we show how to avoid
runningan STP-solver by checkingfor the existenceof new cycles(NewCyc) in
the network asedgesareaddedalonga given pathin the tree.In the exampleof
Fig.3, the�rst four consistency checksareunnecessarybecausetherearenocycles
in therespectivenetworksandthecorrespondingSTPsarealwaysconsistent.

4. Anotherway to improve theperformanceof BT-TCSPis to �nd a goodvariable-
orderingheuristicfor thesearch.This correspondsto a sequencingof 
 , theedges
of � , asthey areaddedalonga given pathin the tree.A goodsequencereduces
unnecessarybacktrackingandalsothenumberof constraintchecks.We introduce
anew orderingheuristic(EdgeOrd)thatexploits theadjacency of existingtriangles
in thegraphto determinetheorderingof their edgesin thetree.

5. We reducethe domainsof the variablesof the meta-CSPby using the ef�cient
�ltering algorithm, � AC, describedin [22].

Thecontributionsof this papercanbesummarizedasfollows:

1. A new techniquefor saving constraintchecks(NewCyc)andanew orderingheuris-
tic (EdgeOrd).

2. Thecombinationof theabove listedtechniques(i.e., anSTP-solver, AP, NewCyc,
EdgeOrd,and � AC) to �nd all thesolutionsof theTCSP.

3. Empiricalevaluationandanalysisof theeffectivenessof thesetechniquesandtheir
combinationsto demonstratetheir signi�cance.

This paperis structuredasfollows.Section3 reviews theSTP-solversused.Section4
discussesthethreeimprovementsexploiting thetopologyof thetemporalnetwork.Sec-
tion 5 summarizesa�ltering algorithmusedasapreprocessingstep.Section6 describes
ourexperimentsandobservations.Finally, Section7 concludesthispaper.
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3 Algorithms for Solving the STP

TCSPis NP-hardand is solved with backtracksearch.Every nodeexpansionin the
searchtreeneedsto checktheconsistency of anSTP. ThusagoodSTPsolver is critical
for solving the TCSP. We test the following STPsolvers:DirectedPath Consistency
DPC[7], PartialPathConsistency PPC[2], andTriangle-STP� STP[21].

3.1 Solving the STPUsing Dir ectionalPath Consistency(DPC)

A basicalgorithmto solveanSTPis theFloyd-Warshallalgorithm(F-W), whichcom-
putesall-pairsshortest-pathsin adistancegraph[4]. F-Wguaranteesconsistency, mini-
mality, anddecomposabilityandhasa complexity of � ���

�

� . Montanarishowed that
F-W is a specialcaseof the Path Consistency (PC) algorithm [15]. Dechteret al.
proposethe Directed-Path Consistency (DPC) algorithm[7]. This algorithm is never
morecostly thanF-W, runsin � ���

�

� , andcandeterminetheconsistency of anSTPin
� ���/�����2��	 ���




� , where�
� ��	 � is theinducedwidth of thegraphalongagivenordering
	 . DPCdeterminestheconsistency of theSTP, but doesnot necessarilyyield themin-
imal anddecomposablenetwork. Sinceonly theconsistency of anSTPmattersduring
BT-TCSP, weuseDPCinsteadof F-W becauseof its lowercost.

3.2 Solving the STPUsing Partial Path Consistency(PPC)

Bliek andSam-HaroudintroducedPartialPath-Consistency (PPC), analgorithmappli-
cableto generalCSPs(andnot restrictedto temporalnetworks) [2]. PPCworks on a
triangulatedgraph,unlike thePCalgorithmwhich requiresa completegraph.Further,
Bliek andSam-Haroudshowedthatwhentheconstraintsareconvex, thePCalgorithm
(operatingonthecompletegraph)andthePPCalgorithm(operatingonthetriangulated
graph)yield equivalentresults:thesamelabelingfor theedgescommonto bothgraphs
andtheminimality anddecomposabilityof theSTP. PPCneverrequiresmoreconstraint
checksthanPC, which is advantageouswhenthe(triangulated)graphis sparse.This is
particularlyattractive in BT-TCSP, which requiressolvinganSTPat eachnode.

PPCrequiresthat thegraphbe triangulated,which mayresultin new edgesbeing
addedto the graph.We triangulatethe temporalnetwork usingthe algorithmdevised
in [17]. We representthe new edgesasuniversalconstraintsin theoriginal constraint
graphandsettheir labelto �

-��
�

�
� .

In thetreegeneratedby BT-TCSP, eachnoderepresentsanSTPwhosegraphadds
exactly oneedgeto thegraphof theparentof thenode(andmustbetriangulatedto be
usedby PPC). Assuminga staticorderingin the tree,the total numberof graphsthat
appearalongany given completepathis exactly equalto the numberof edgesin the
original problem.Further, all nodesat a given level of the searchtreehave the same
graph(only the edgelabelingsmay vary). Thus,understaticordering,the numberof
possiblegraphsconsideredduring the BT-TCSPprocessis exactly equalto the total
numberof edgesin thetemporalnetwork.

We test two methodsfor accessingthe triangulationsof the STPsgiven a static
variableordering,Fig. 4. In the �rst method,Plan A, we pre-computeall the STPs
neededin search,triangulatethem,andstoretheir triangulationsfor useduringsearch.
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All-triangulated-subgraphs ( ��� , � )
��� nil
TriSubGs� nil

�

��� all edgesin ��� usingordering�

For �
	

�

� do
Push( � , � )
Push(Triangulate( � ), TriSubGs)

Return Reverse (TriSubGs)

Induced-subgraphs( ��� , ��
 )
�

� � edgesof � �

�


�� all nodes	���


�


�� nil
Forall � 
�� � 	

�

�

When ��	

�


 and��	

�




Then Push( ��
�� � ,
�


 )
Return

�




Fig.4. Left: List of triangulatedsubgraphsgiven an ordering.Right: Inducinga subgraphfrom
thetriangulatedoriginalgraph.

In the secondmethod,Plan B, we triangulatethe entirenetwork only once.We then
inducefrom the triangulatedgraphthe subgraphwhoseverticesform the STPunder
consideration.Sincethe original graphis triangulated,eachinducedsubgraphis also
triangulated.

– Plan A: Given a variableordering 	 , the list of the graphsconsideredduring BT-
TCSPis generatedasshown in Fig. 4 (left). Push addsanitemto a list, Reverse
reversesa list, and Triangulate triangulatesa graph.We usethe ���

�

elementof
TriSubGs list asthetriangulatedsubgraphfor thenodeat the �

�

�

level of thetree.
– Plan B: Herewe computethetriangulatedgraphonly onceandinducefrom it the

subgraphneededat every step.Fig. 4 (right) shows thealgorithmwhere �

�

is the
triangulatedgraphof the original network and � � is the subgraphconsideredat
level ��, � ,�� 
�� in thesearch.Notethat this techniquemayendup considering
densergraphsthannecessary, which increasesthecostof solvingtheSTP.

Our experimentalresultsshow thatPlan A alwaysoutperformsPlan B in termsof the
numberof constraintchecksandCPUtime.Notethatneitherof thesetwo plansaffects
thenumberof backtracks(thenumberof nodesvisited)in BT-TCSP.

3.3  STPAlgorithm Usedwith TCSPAlgorithm

� STP algorithmyields the sameminimal network asF-W andPPC. It usesthe idea
of triangulationandconsidersthe temporalgraphascomposedof trianglesinsteadof
edges.Constraintpropagationis `triangle-based'ratherthan`edge-based.' As a �ner
versionof PPC, � STP can �nd the minimal network with lesscost than F-W and
PPC. Whendensityis low, � STPis evencheaperthanDPC, whichdoesnotguarantee
theminimal network. Similar to PPC, thepre-requisiteconditionfor � STP is to �rst
triangulatethe temporalgraph.We have introducedtwo plansto obtain triangulated
subgraphsin theprevioussubsection.We will usePlan A for its lowercostin practice.

Whensolving a TCSPwith search,the STPexaminedat eachnodein the search
treeis a subgraphof theoriginal TCSP. SincetheSTPswe needto checkalwayshave
lowerdensitythantheoriginalTCSP, theoutstandingperformanceof � STPunderlow
densitymakesit evenmoreattractive to usefor solvingtheTCSP.
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4 Exploiting the Topologyof the Constraint Network

We proposethreetopology-basedtechniquesto enhancethe performanceof search.
While the �rst techniqueis appliedprior to searchto decomposethe probleminto
independentcomponents,thelasttwo areintertwinedwith thesearchprocess.

4.1 DecompositionUsing Articulation Points

Theexistenceof articulationpointsin thegraphof thetemporalnetwork canbeusedto
decomposethenetwork into its biconnectedcomponents,whichcanbesolvedindepen-
dently. Findingthearticulationpointscanbedonein � � � 
 � � [4]. Thismethodprovides
an upperboundto the searcheffort in the sizeof the largestbiconnectedcomponent
[11]. It can effectively reducethe numberof constraintchecksin BT-TCSPand the
numberof nodesvisited in its tree.A solutionto the entirenetwork is a combination
of any of thesolutionsof thebiconnectedcomponents.The total numberof solutions
is:

�

�����

���

�	�

� , where
�

� is thenumberof solutionsfor component� . This conjunc-
tivedecompositionof thetemporalnetwork [12] allowsusto solvethesub-problemsin
parallel,asin a multi-agentsystem.Articulation pointsusuallyappearonly whenthe
densityis low or whentheTCSPhasa specialtopology. Notethatevenin theabsence
of articulationpoints,wecould`induce'suchdecompositionsby removing someedges
of thegraph,in a mannersimilar to thecycle-cutsetmethodof DechterandPearl[8].
We have implementedthemechanismfor �nding andusingexistingarticulationpoints
but not yetexploredhow to inducetheir existence.

4.2 NewCycleCheck

Theinconsistency of anSTPis detectedby theexistenceof a negativecycle in its dis-
tancegraph.Whenthegraphof anSTPhasnocycles,theSTPis necessarilyconsistent.

Proposition1. A tree-structuredconstraint networkis necessarilygloballyconsistent.

Notethatis astrongerresultthanusingthetree-structureof theconstraintgraph,which
requiresensuring2-consistency [10]. In BT-TCSP, nodesareexpandedby addingone
edgeatatime.Whentheadditionof anew edgedoesnotyield anew cyclein thegraph,
aconsistentSTPremainsconsistentregardlessof thelabelingchosenfor thenew edge.
We exploit thisobservationto saveunnecessaryconsistency checks.

Corollary 1. Whentheadditionof an edge to a globally consistentSTPyieldsnonew
cycles,theresultingSTPis globallyconsistent.

1

2

3

4

5

Fig.5. Simpleconstraint graph.
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Considertheexampleof Fig. 5. Supposethat searchadoptsthe following orderingof
the edges:�

�

�


 , �




� � , �

�

� � , � � � � , �




� � , and ��� � � . Fig. 6 shows the con�gurationsof the
STPscheckedfor consistency at eachlevel in thesearch.

Search level 1 2 3 4 5 6

STP 1

2

31

2

1

2

3 1

2

3

4

1

2

3

4

1

2

3

4

5

Checkingstrategy Total
Always

� � � � � �

6
NewCyc � �

�

�

�

� 2

Fig.6. Comparisonof STPchecksusingthenew-cyclecheck heuristic.

Along agivenpath,asthetreegeneratedby searchis beingexploredin adepth-�rst
manner, two strategiescanbe adoptedat a given level: (1) AlwayschecktheSTPfor
consistency, and(2) checktheconsistency of theSTPonly whena new cycle hasbeen
addedto the network. At levels 1 and2, no cyclesexist in the graph,andthe STPis
necessarilyconsistent,Fig. 6. At levels4 and6, no new cycleshave beenaddedto the
graphof levels 3 and5 respectively, andthe correspondingSTPsremainnecessarily
consistentregardlessof their labeling.As illustratedabove, checkingfor new cycles
savesusunnecessaryoperations.Further, whentheadditionof anew edgeyieldsanew
cycle, two biconnectedcomponentsof thepreviouslevel arenecessarilymergedinto a
new biconnectedcomponentat thecurrentlevel.Weneedto checkonlytheconsistency
of thenewly formedbiconnectedcomponent,andwe cansafelyignoretherestof the
temporalnetwork. This allows us to localizetheeffort of consistency checkingto the
necessarypartof thenetwork.

Corollary 2. Whentheadditionof an edge to a globally consistentSTPyieldsa new
cycle, the resultingSTPis globally consistentif and only if the newly formedbicon-
nectedcomponentis a consistentSTP.

Theapplicationof this new heuristic,NewCyc,signi�cantly enhancestheperformance
of solving the meta-CSPwith search.To apply it, we needto identify, betweentwo
levels of the searchtree, (1) that a new cycle hasbeenintroducedand (2) the two
biconnectedcomponentsthat were merged as a result. This is doneby running the

� � � 
�� � algorithm for �nding articulationpoints at eachlevel, checkingwhetherthe
numberof biconnectedcomponentswasreducedbetweentwo levels,andidentifying
thecomponentto becheckedasthatcontainingthenew edge.

4.3 Ordering Heuristic for the Meta-CSP

Variableorderingis aneffective heuristicfor improving theperformanceof search.In
general,it is governedby the`fail �rst principle.' Theshallower thenodeprunedin the
tree,the larger the prunedsubtree,andthe larger the costsavings.For the meta-CSP,
a nodeis prunedwhenit correspondsto aninconsistentSTP. Thus,theorderingof the
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edges(which are the variablesof the meta-CSP)affectshow quickly an inconsistent
STPis foundandalsotheeffectivenessof constraintpropagationin theSTP.

As statedin Corollary 1, alonga givenpath,no inconsistency mayoccurbetween
onelevel andthe next unlessat leastonenew cycle is formedin the temporalgraph.
Consequently, a reasonableorderingheuristicis to �rst considerthoseedgesthat form
triangleswith edgesexisting in theSTP. This mayallow usto uncover inconsistencies
asearly aspossible.It also increasesthe effectivenessof backtracking,becauseit is
morelikely to undoan inconsistency by changingthe labelingof anedgein thesame
triangleastheonethatyieldedtheinconsistency thanthatof a randomedge.Our new
edge-orderingheuristicordersthe edgesof the temporalgraphin sucha way that the
network is expandedtriangleby triangle `around' the existing edges.The algorithm,
given in Fig. 7, returnsthe list of edgesin the orderto be usedby thesearch.It uses
basicoperationson lists. Append concatenatestwo lists in the orderprovided.Pop
removesandreturnsthe�rst item in a list. It requiresthateachedgebeassociatedwith

EdgeOrd ( � )
�

��� all edgesof �

�

� nil
While

�

� do
��
�� � � Edgeof

�

� appearingin thelargestnumberof trianglesin
�

�

�

� Append (
�

,
�

� 
�� �����

�

� nil
While �


�� � do
Forall � suchthat � ��� is a subgraphof � do

�

� Append (
�

,
�

�

 � � , �

� � �
� ),

�

� Append (
�

,
�

�

 � � , �

� � �
� )

�

�
�

�

���

�

�

 � �	�

��
 � � , � � � ��� , �

�� �

� Pop(
�

)
Return

�

Fig.7. Edge orderingheuristic.

thenumberof trianglesin which it appearsin � , which is boundedby ���
-

� � , where
� is the numberof nodesin � (i.e., the time points).We obtain thesenumbersasa
by-productof theimplementationof thetriangulationalgorithm.

Basedon the topologyof thenetwork, we choosetheedgethatparticipatesin the
largestnumberof trianglesandscheduletheedgesof thosetrianglesfor a priority in-
stantiationduring the search.Fig. 8 illustratesthe �rst stepsof the applicationof the
algorithmstartingfrom edgeI. First, the trianglesin which edgeI participatesareex-
plored.From there,we reapplyiteratively the sameprocessto eachof the edgesex-
plored, i.e. edgesII, III, and IV, graduallycovering all the edgesin the biconnected
component.Themodi�cation of thelabelof any theseedgespropagatesthroughthese
triangles.Thus, inconsistenciesanddeadendsare likely to be morequickly detected
duringsearch,andbacktrackremainslocally contained.

We canshow thatthis processstopswhenall theedgesin thebiconnectedcompo-
nenthavebeenvisited.ThenEdgeOrdrestartsfrom anunvisitededgefrom theoriginal
graphandrepeatstheprocessuntil all edgesof theoriginal network have beenvisited.
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The function returnsa list in which the edgesthat arein a givenbiconnectedcompo-
nentappearin sequence.As aresult,thisorderingheuristicimplicitly enablessearchto

IV

III

I

II

Fig.8. Illustrating theexploration of theedgesof a graphby theedge orderingheuristic.

examinethebiconnectedcomponentsof thegraphin isolation,andthusdecomposethe
graphautomatically. Theadvantagesof this mechanismare:

1. Localizedbacktracking: Neighboringlevels in the searchtreearelikely to corre-
spondto edgesthatform a triangleandthusaretopologicallyrelated.Whenit en-
countersa deadend,searchwill backtrackto anedgethatis morelikely theculprit
thananotheredgetakenrandomlyfrom thegraph.

2. Automaticdecompositionof the graph into its biconnectedcomponents: This or-
deringheuristicimplicitly guaranteesthatarticulationpointsin thegraph(if any),
areexploited,asif thenetwork wasdecomposedinto its biconnectedcomponents
without usingthespecialalgorithmnecessaryfor this purpose(seeSection4.1).

We believe, but still needto show, that thesefeaturesmake EdgeOrda moreeffective
heuristicthana dynamicvariable-orderingheuristicbasedonly ondomainsize.

5 � Ar c-Consistency

Whensolvinga CSP, it is commonto run a domain�ltering mechanism(suchasarc-
consistency, AC)asapreprocessingstepto search,andto interleavesearchwith alooka-
headstrategy (suchasforward-checking,FC [13]). Consistency checkingmayreduce
thedomainof thevariables,thusreducingthesizeof theCSPandthesearcheffort.

Thesizeof themeta-CSPis exponentialin thesizeof theTCSP. If � is thenumber
of intervalsin thelabelof anedgein theTCSP, � 
�� is thenumberof edges,and � is the
numberof nodeswhere � 
��/,

�

�

���

� �




, thesizeof the meta-CSPis in � ����� ��� � . Thus
it is importantto exploremechanismsto reducethesizeof themeta-CSPby removing
`inconsistent'intervals from the edgelabels.The only constraintin the meta-CSPis
a global constraintthat requiresall variable-value pairs of the meta-CSPto form a
consistentSTP. Thus,for themeta-CSP, AC is thegeneralizedarc-consistency of this
uniqueconstraint,which is NP-hard[22]. In [22], we introducetheconceptof � Arc-
Consistency asan approximationof thegeneralizedarc-consistency of the meta-CSP.
We also introducean ef�cient algorithm, � AC, that implements� Arc-Consistency.
Thisalgorithmensuresthatfor everyinterval

�
�
	��

� �

in thedomainof ameta-CSPvariable

�
��� � thereexist an interval

�
�
���

�

�

in the domainof the meta-CSPvariable �
���

� and an



10

interval
�������

�

�

in thedomainof themeta-CSPvariable �

�

� � suchthat
�	�
	��

� �

�

�

�	�
� �

�

���

�	��� �

�

�

�

�

��� , where
�

is interval intersectionand
�

is interval composition[5]. We establish
that thecomplexity of � AC is � �
	���
��
��� �
� ��� � 
���� �

�

� �
� ��� � 
�� �

�

� . Thevalueof
� AC lies in thedatastructuresit uses,reminiscentof AC-4 [14] andAC-2001[1], to
save signi�cantly the numberof constraintchecks1. We have not yet used � AC in a
lookaheadstrategy, but planto dosoin thefuture.

6 Experimental Results

Fig. 9 showstheTCSPsolverswe tested,with andwithoutpre-processingby � AC.

AC

AC

STP-TCSP

PPC

DPC

STP

PPC-A-TCSP

PPC-B-TCSP

Triangulation plan

DPC-TCSP

Plan A + EdgeOrd (automatic decomposition) + NewCyc

PPC+AP-B-TCSP

PPC+AP-A-TCSP

Without 

With              or

STP Solver

Preprocessing

Points (AP)
Exploiting Articulation

TCSP Solvers

Cycles (NewCyc)
DPC+AP-TCSP

Checking for New

DPC+AP+NewCyc-TCSP

PPC+AP+NewCyc-A-TCSP

PPC+AP+NewCyc-B-TCSP

Fig.9. TCSPsolvers tested.

TheSTPsolverswe usedareDPC, PPC, and � STPall asdescribedin Section3.
The network is triangulatedonly prior to PPCand � STP. We combinedtheseSTP
solverswith the techniquesproposedin Section4 (i.e., AP, NewCyc, andEdgeOrd).
Sincewe have not yet implementeda lookaheadstrategy, all the TCSPsolverstested
usea staticvariableordering.By default, andexceptfor � STP-TCSP(wherewe use
EdgeOrd),it is a lexicographicalorderingof thelexicographicallysortedtuplesnaming
theedgesby their two endpoints.Wecomparedtheperformanceof theTCSPsolversin
termsof thenumberof nodesvisitedNV, constraintchecksCC, andCPUtime.Sinceall
CPUtimecurveshavealmostexactlythesameshapesastheCCcurves,theyareomitted
to savespacebut are all availableuponrequest. We carriedout our testson randomly
generated,(guaranteed)connectedproblems.Our generator, describedin [22], guaran-
teesthatat least80%of theseproblemshaveat leastonesolution.TheTCSPinstances
generatedhave the following characteristics:� ��� , � randomlychosenbetween1
and5, densityof thetemporalnetwork ( 	 �

� � �

�

� ���������

� �
���
�

�

�

� �
�����

�

) variesin [0.02,0.1] with
a stepof 0.02andin [0.2, 0.9] with a stepof 0.1.Thenumberof variablesin themeta-
CSP, for which we �nd all solutions, variesfrom 7 to 26. The sizeof the meta-CSP
variesonaveragebetween1.6 ���! 

� and5.2 ���! 

�

� . Weaveragedtheresultsof over100
samples.The goal of our experimentswasto studythe effectson the varioussolvers
of the improvementswe proposed2 (i.e., � STP, AP, NewCyc, EdgeOrd,� AC), and
to establishtheir effectiveness.An extensivecomparisonof thetheperformanceof the
variousSTPsolverscanbefoundin [21].

1 Weareinvestigatinganimprovementthatmayestablishits optimality.
2 Notethatalthoughdecompositionaccordingto articulationpointsis a well-known technique,

to thebestof ourknowledge,it hasnotbeenyetassessedexperimentally.
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Section6.1 discussesthe numberof solutionsof the problemstested.Naturally,
all solvers�nd the samesolutions.Section6.2 shows the effect of our techniqueson
theshapeof thetreeby measuringthenumberof nodesvisited.Section6.3shows the
effect of our techniqueson thevariousTCSPsolvers(i.e., DPC, PPC, and � STP) on
thenumberof constraintchecks.In Sections6.2and6.3wealsoshow how �ltering the
meta-CSPwith � AC dramaticallyimprovestheperformanceof search.The effect of
this preprocessingis clearlyvisible in comparisonsof thescaleof thevertical axisof
thechartswithoutandafterpreprocessing.While thebene�tsof this �ltering algorithm
arediscussedin [22], we con�rm herethatit is usefulin everyTCSPsolverwe tested.

6.1 Solutionsto the TCSP

Whendensityis low, therearefew constraints,any partial solutionis likely to be ex-
tendedto a global solution,andtherearemany solutionsto the meta-CSPasis seen
in Fig. 10. Indeed,underlow density, thetemporalnetwork (which is guaranteedcon-

��

��������

��������

��������

��������

����������

����������

����������

����������

����������

�� ������ ������ ������ ������ ������ ������ ������ ������ ������ ��

�'�H�Q�V�L�W�\

�1�
X�P

�E�
H�U

���
R�I

���
6�R

�O�
X�W

�L�
R�Q

�V

Fig.10.Thenumberof solutionsof themeta-CSP.

nectedby construction)hasalmostnocycles.Thus,almostany combinationof intervals
in the labelof the edgesis a solutionto the meta-CSP(seeProposition1). The num-
berof solutionsquickly dropsasdensityrises.When 	 =0.9,thereareonly oneor two
solutions,oneof which is guaranteedby construction.

6.2 Effectson the Sizeof the Search Tree

Theeffectsof AP andEdgeOrdonthe`shape'of thetreecanbeassessedby thenumber
of nodesvisitedNVby search.They areshown in Fig. 11.

Note that the effectsof NewCyc on the variousSTPsolvers(i.e., DPC, PPC, and
� STP) are irrelevant to this measurement.Indeed,they aim at reducingthe cost of
checkingthe consistency of the STPat a nodein the treeoncesearchhaseffectively
reachedthenode.The` � ' in thelegendof Fig.11indicatesthattheseresultsholdfor all
STPsolverstested.Fig.11showsthatAP reducessigni�cantly NVwhendensityis low.
Whendensityis high,almostnoarticulationpointexists,henceAP doesnot impactNV.
Theeffect of EdgeOrdis quitedramaticacrossall valuesfor densitybecauseit allows
BT-TCSPto quickly identify dead-ends,asagoodorderingheuristicis supposedto do.
Moreover, and thanksto � AC, we start to notice the existenceof a phasetransition
thatappearsaround	 �  
 � andbecomesincreasinglyvisibleaswemovetowardmore
effectiveTCSPsolvers.
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Fig.11.NodesvisitedbyBT-TCSP. Left: withoutpreprocessing. Right: after �ltering with
�

AC.

6.3 Effectson the Number of Constraints Checks(SameasCPU Time)

Herewe discusstheeffectsof our techniqueson thevariousTCSPsolvers:DPC, PPC,
and � STP. We show thebene�ts of AP andNewCyc on DPC(Fig. 12). We show the
bene�tsof AP, NewCyconPPCfor bothPlan A (Fig. 13)andPlan B (Fig. 14)Finally,
we show thebene�tsof EdgeOrdandNewCycunderPlanA on � STP(Fig. 15).
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Fig.12.Constraint checksfor DPC-TCSP.

ExploitingArticulationPoints: For DPC(Fig 12)andPPC(Fig.13and14),AP is again
particularlyeffectivefor low densitygraphsbut uselessfor high densityones.

New CycleCheck: NewCyc dramaticallyreducesCCacrossall densityvalues(even
thoughit hasnoeffecton thenumberof nodesvisited,asstatedin Section6.2).

Triangulation Plans: The triangulationof an STP during search,requiredfor PPC
solver, is carriedoutaccordingto Plan A (Fig. 13) andPlan B (Fig. 14) of Section3.2.
By comparingthescaleof theverticalaxisof thesetwo �gures,weconcludethatPlanA
is superiorto Plan B. This can be explainedas follows. Plan A triangulates,before
search,all the networks that will be checked for consistency during search(thereare
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Fig.13.Constraint checksfor PPC-TPCSusingPlan A.
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Fig.14.Constraint checksfor PPC-TCSPusingPlan B.

exactly � 
�� suchgraphs).Plan B �nds thetriangulationof anSTPat a givennodedur-
ing searchby inducinga subgraphfrom the triangulatedoriginal STP. Hence,Plan B
triangulatesthenetwork only once,while Plan A carriesout asmany triangulationop-
erationsasthenumberof edgesin thenetwork (andlevelsin thesearch).However, the
inducedsubgraphsin Plan B endup muchdenserthantheonesusedby Plan A, thus
requiringmoreeffort from PPC, the STPsolver. Further, the fact that Plan A yields
no densergraphsthanPlan B becomesan evenmoredesirablefeaturewhenTCSPis
dense.Thisexplainsthesigni�cant differencesin behavior betweenPlanA andPlanB
underhighdensityTCSPs.

TheWinningCombination: In [21] wecomparedtheperformancesof F-W, DPC, PPC,
and � STPfor solvinganSTP. We foundthatDPC, PPC, and � STPconsistentlyout-
performF-W, theFloyd-Warshallalgorithm.Further, � STPconsistentlyoutperforms
PPC. Indeed,the former is a �ner versionof the latter. Importantly, whenthedensity
of thetemporalgraphis below 0.4, � STP(which guaranteesminimality) outperforms
DPC(which doesnot).For sensiblyhighdensities,we foundDPCto bemoreeffective.
Sincein thesearchfor solvingthemeta-CSPweconsidersubgraphsof theoriginalnet-
work, thenetworksat thedifferentlevelsof the treearemorelikely to besparsethan
dense.This shows thatevenwhentheTCSPis dense,� STP is a goodchoicefor the
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STP-TCSP.

STPsolver. Hence,amongthetechniquestested,thebestcombinationonecoulduseto
solveaTCSPis theonewecalled � STP-TCSP(Fig. 9). Indeed� STPoutperformsall
TCSPsolversincludingtheonebasedonDPC(compareFig. 12and15).

7 Conclusions

At thebeginningof our investigations,thebestmechanismknown to datefor solving
themeta-CSP3 wasonebasedonDPC. Weintroduced� STP, enhancedit with NewCyc
andEdgeOrd,andshowedempiricallythatit resultsin dramaticimprovements.Indeed,
in comparisonto theoriginal DPC, thebestcombinationof our techniquesreducesthe
numberof constraintchecksby a factorof 500(median)and40,000(average)andthat
of CPUby a factorof 320(median)and 1,200(average).

Further, weshowedthatour techniquesuncovertheexistenceof aphase-transition-
like phenomenonfor solving the TCSPasthe densityof the network varies4. This is
mostvisible with � STP-TCSP. This observationcalls for moredetailedinvestigations
in this direction.As directionsfor futureresearch,weplanto:

1. Exploit � AC in a lookaheadstrategy for solvingthemeta-TCSP. And,
2. Evaluateempiricallyhow to improveBT-TCSPwith dynamicbundling[3].

Beyond the TCSP, � STP is directly applicablefor solving the disjunctive temporal
problem(DTP) with backtracksearch[19,16,20], but requirestriangulatingthe STP
incrementallyat eachnodein the tree.We believe that NewCyc is alsoapplicableas
long as the constraintaddedappliesto two points that arenot yet constrainedin the
currentpathin thetree. Thesedirectionsrequirefurtherinvestigationandevaluation.

3 Note that we do not includein our comparisonalgorithmsthat tightentheseintervals in the
labelsof theedges.Thosemaynotterminatein thegeneralcaseandareprohibitively expensive
in theintegral case[18].

4 SchwalbandDechter[18] reportasimilarphenomenonwhenvaryingthenumberof variables
andthetightnessof theconstraints.
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