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1 Abstract

In this paper we addresghe taskof nding the minimal network of a TemporalCon-

straint Satishction Problem(TCSP).We reportthe integrationof threeapproacheso

improve the performanceof the exponential-timebacktracksearch(BT-TCSP) pro-

posedby Dechteret al. [6] for this purposeThe rst approactconsistof usinga new

efcient algorithm( STP)[21] for solvingthe Simple TemporalProblem(STP),an

operationthat mustbe executedat eachnodeexpansionduring BT-TCSP The second
approachmprovesBT-TCSPitself by exploiting thetopologyof thetemporalnetwork.

This is accomplishedn threeways: nding and exploiting articulationpoints (AP),

checkingthe graphfor new cycles (NewCyc), andusinga new heuristicfor edgeor-

dering(EdgeOrd).The third approachs a Itering algorithm, AC, which is usedas
apreprocessingtepto BT-TCSR andwhich signi cantly reduceghe sizeof the TCSP
[22]. In additionto introducingtwo new techniquesNewCyc and EdgeOrd this pa-
perdiscussesin extensve evaluationof the meritsof the above threeapproacheOur

experimenton randomlygenerategroblemsdemonstratsigni cant improvementsn

thenumberof nodesvisited,constrainichecksandCPUtime.

2 Background and Motivation

A SimpleTemporalProblem(STP)is de ned by a graph where isa
setof vertices representingmepoints ; isasetofdirectededges representing
constraintdetweentwo time points and ; and is asetof constraintabelsfor the
edgesseeFig. 1 (left). A constrainfabel  of edge isanintenal , ,

Fig. 1. Left: STR Right: TCSP

anddenotesa constrainbf boundedlifference  ( .Notethat =
= . A TemporalConstraintSatisactionProblem(TCSP)is de ned by a



similargraph = , Whereeachedgelabel = . is asetof
disjointintervalsdenotingadisjunctionof constraint®f boundedlifferencedetween
and , seeFig. 1 (right). We assumehattheintervalsin alabelaredisjointandordered

in acanonicalway. Thefollowing is atypical example:

Tom hasclassat 8:00 a.m. He can either male breakfastfor himself(10-15
minutes) or getsomethingo eatfroma local store (lessthan5 minutes) After
breakfast5-10minutes)hegoesto school eitherby car (20-30minutes)or by
bus (at least45 minutes) Today Tomgetsup betweerv:30a.m.and7:40a.m.

We wishto answemueriessuchas:“Can Tomarrive at schoolin time for class?”/Is it
possiblefor Tomto take thebus?”,“If Tomwantedto saze money by makingbreakfst
for himself and taking the bus, when should he get up?”, and so on. This temporal
problemcanberepresentedsatemporalgraph.

Let beareferencdime-point(e.g.,6:00am), thetime point Tom getsup,
thetime point he startshis breakfst, thetime point he nishesit, and thetime
pointhearrivesatthe school.Fig. 2 shavs thetemporalgraphof this TCSP
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Fig.2. ATCSPexample

Dechtel]5] describedabacktracksearchprocedurgBT-TCSP)for solvingaTCSR
whichis anNP-hardproblem.To thisend,the TCSPis expressedsa ‘meta’' Constraint
SatishctionProblem(meta-CSP)The variablesof the meta-CSRaretheedges  of

. Their numberdepend®n the densityof thetemporalgraph.The domainof a vari-
able isits label, = v . A partial solutionis a set
of variable-aluepairs(vvps)thatform a consistenSTR which is a global constaint.
A completesolutionis a consistenSTPin which all theedgesof appearThe mini-
mal network of the TCSPis the union of all completesolutions.Eachnodein thetree
generatedy BT-TCSPis anSTP  thathas edgesa subsetbof the edgesof the
original network ( ), eachlabeledwith a uniqueinterval from its domain.When

is consistentthe nodeis expandedby addingto  anedgefrom labeled

with aninterval from its domain.This yieldsa new STPthatis checledagainfor con-
sisteng. Fig. 3 illustratesthetreecorrespondingo the exampleof Fig. 2, whereedges
areconsideredn their lexicographicabrdet

In this paper we combinethe following techniquego improve the performanceof
BT-TCSR anddemonstratéheir effectiveneson randomlygenerategbroblems:

1. Every nodein the treeis an STP that needsto be solved beforethe searchcan
proceedHence theperformancef a TCSPsolver dependsritically onthatof the
STPsolver. We comparefor the rst time the performanceof variousknown STP
solvers,including a new one, STP, thatwe proposedn [21]. We show that it
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Fig. 3. Theseach treefor the exampleof Fig. 2.

outperformsall others Notethatthe performancef the STPsolver doesnot affect
thenumberof nodesvisitedin BT-TCSP

2. Onewell-known techniqueto improve the performancenf a CSPis to decompose
it into sub-problemausingits articulationpoints[9, 11,6], andto solve the sub-
problemsindependentlyWe provide for the rst time an empirical evaluationof
the effectivenesof thistechnique.

3. Furtherexploiting the topology of the temporalnetwork, we shav how to avoid
runningan STP-soler by checkingfor the existenceof new cycles(NewCyc) in
the network asedgesare addedalonga given pathin the tree.In the exampleof
Fig. 3, the rst four consisteng checksareunnecessargecause¢hereareno cycles
in therespectie networksandthe corresponding TPsarealwaysconsistent.

4. Anotherway to improve the performanceof BT-TCSPis to nd agoodvariable-
orderingheuristicfor thesearchThis correspond$o asequencingf ,theedges
of , asthey areaddedalonga given pathin the tree. A goodsequenceeduces
unnecessarpacktrackingandalsothe numberof constraintchecks We introduce
anew orderingheuristic(EdgeOrd}thatexploits theadjacenyg of existing triangles
in the graphto determinethe orderingof their edgesn thetree.

5. We reducethe domainsof the variablesof the meta-CSPby using the ef cient
Itering algorithm, AC, describedn [22].

The contributionsof this papercanbe summarizedsfollows:

1. A new techniqudor saving constraintheckgyNewCyc)andanew orderingheuris-
tic (EdgeOrd).

2. The combinationof the above listedtechniquegi.e.,an STP-soler, AP, NewCyc,
EdgeOrdand AC)to nd all thesolutionsof the TCSP

3. Empiricalevaluationandanalysisof the effectivenes®f thesetechniquegndtheir
combinationgo demonstrat¢heir signi cance.

This paperis structuredasfollows. Section3 reviews the STP-solersused.Section4
discussethethreeimprovementsxploiting thetopologyof thetemporainetwork. Sec-
tion5 summarizes Itering algorithmusedasapreprocessingtep.Sectioné describes
our experimentsaandobsenations.Finally, Section7 concludeghis paper
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3 Algorithms for Solvingthe STP

TCSPis NP-hardandis solved with backtracksearch.Every node expansionin the
searchtreeneeddo checktheconsisteng of anSTP. ThusagoodSTPsolveris critical
for solving the TCSP We testthe following STP solvers: Directed Path Consisteng
DP(C[7], Partial PathConsisteng PPC[2], andTriangle-STP STP[21].

3.1 Solvingthe STP Using Dir ectional Path Consistency(DPQ

A basicalgorithmto solve an STPis the Floyd-Warshallalgorithm(F-W), which com-
putesall-pairsshortest-pathm adistancegraph[4]. F-W guaranteesonsisteng, mini-
mality, and decomposabilityand hasa compleity of . Montanarishoved that
F-W is a specialcaseof the Path Consisteng (PC) algorithm [15]. Dechteret al.
proposethe Directed-Rath Consisteng (DPQ algorithm[7]. This algorithmis never
morecostlythanF-W, runsin , andcandeterminghe consisteng of anSTPin
, Where is theinducedwidth of thegraphalongagivenordering
. DPCdetermineghe consisteng of the STR but doesnot necessarilyield the min-
imal anddecomposablaetwork. Sinceonly the consisteng of an STPmattersduring
BT-TCSRwe useDPCinsteadof F-W becausef its lower cost.

3.2 Solvingthe STP Using Partial Path Consistency(PPQ

Bliek andSam-HaroudntroducedPartial Path-Consistenc(PPQ, analgorithmappli-

cableto generalCSPs(and not restrictedto temporalnetworks) [2]. PPCworkson a

triangulatedgraph,unlike the PC algorithmwhich requiresa completegraph.Further

Bliek andSam-Haroughovedthatwhenthe constraintsarecornvex, the PCalgorithm
(operatingonthecompletegraph)andthe PPCalgorithm(operatingon thetriangulated
graph)yield equivalentresultsithe samedabelingfor theedgescommonto bothgraphs
andtheminimality anddecomposabilitpf the STP PPCneverrequireamoreconstraint
checkghanPC whichis advantageousvhenthe (triangulatedgraphis sparseThisis

particularlyattractve in BT-TCSR whichrequiressolvingan STPat eachnode.

PPCrequiresthatthe graphbe triangulatedwhich may resultin new edgesbeing
addedto the graph.We triangulatethe temporalnetwork usingthe algorithmdevised
in [17]. We representhe new edgesasuniversalconstraintsn the original constraint
graphandsettheir labelto .

In thetreegeneratedy BT-TCSR eachnoderepresentsin STPwhosegraphadds
exactly oneedgeto the graphof the parentof the node(andmustbetriangulatedo be
usedby PPQ. Assuminga staticorderingin the tree,the total numberof graphsthat
appearalongary given completepathis exactly equalto the numberof edgesin the
original problem.Further all nodesat a given level of the searchtree have the same
graph(only the edgelabelingsmay vary). Thus,understatic ordering,the numberof
possiblegraphsconsideredduring the BT-TCSP processs exactly equalto the total
numberof edgesn thetemporalnetwork.

We testtwo methodsfor accessinghe triangulationsof the STPsgiven a static
variableordering, Fig. 4. In the rst method,Plan A, we pre-computeall the STPs
neededn searchtriangulatethem,andstoretheir triangulationgfor useduringsearch.



All-triangulated-subgraphs ( , ) Induced-subgraphs( , )
nil edgesof
TriSubGs nil all nodes
all edgesn usingordering nil
For do Forall
Push(, ) When and
Push (Triangulate( ), TriSubG$ ThenPush( , )
Return Reverse (TriSubG$3 Return

Fig. 4. Left: List of triangulatedsubgraphgjiven an ordering.Right: Inducinga subgraphfrom
thetriangulatedoriginal graph.

In the secondmethod,Plan B, we triangulatethe entire network only once.We then
inducefrom the triangulatedgraphthe subgraphwhoseverticesform the STP under
considerationSincethe original graphis triangulated eachinducedsubgraphis also
triangulated.

— Plan A: Givena variableordering , thelist of the graphsconsideredduring BT-
TCSPis generateédsshavn in Fig. 4 (left). Push addsanitemto alist, Reverse
reversesa list, and Triangulate triangulatesa graph.We usethe  elementof
TriSubGs list asthetriangulatedsubgraptor thenodeatthe  level of thetree.

— Plan B: Herewe computethe triangulatedgraphonly onceandinducefrom it the
subgrapmeededat every step.Fig. 4 (right) shavs the algorithmwhere  is the
triangulatedgraphof the original network and  is the subgraphconsiderecat
level in the searchNote thatthis techniquemay endup considering
densegraphshannecessarywhich increaseshe costof solvingthe STR

Our experimentakesultsshowv that Plan A alwaysoutperformsPlan B in termsof the
numberof constrainithecksandCPUtime. Notethatneitherof thesetwo plansaffects
thenumberof backtrackgthe numberof nodesvisited)in BT-TCSP

3.3 STP Algorithm Usedwith TCSP Algorithm

STP algorithmyields the sameminimal network as F-W and PPC It usesthe idea
of triangulationand considergshe temporalgraphascomposedf trianglesinsteadof
edges.Constraintpropagations “triangle-basedratherthan ‘edge-basedAs a ner
versionof PPG  STP can nd the minimal network with lesscostthan F-W and
PPC Whendensityis low, STPis evencheapethanDPC which doesnotguarantee
the minimal network. Similar to PPC the pre-requisiteconditionfor STPisto rst
triangulatethe temporalgraph.We have introducedtwo plansto obtain triangulated
subgraphsn the previoussubsectionWe will usePlan A for its lower costin practice.

Whensolving a TCSPwith searchthe STP examinedat eachnodein the search
treeis a subgraplof the original TCSP Sincethe STPswe needto checkalwayshave
lower densitythanthe original TCSR the outstandingperformancef STPunderlow
densitymakesit evenmoreattractve to usefor solvingthe TCSP
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4 Exploiting the Topologyof the Constraint Network

We proposethreetopology-basedechniquedo enhancethe performanceof search.
While the rst techniqueis appliedprior to searchto decomposehe probleminto
independentomponentsthelasttwo areintertwinedwith the searchprocess.

4.1 DecompositionUsing Articulation Points

Theexistenceof articulationpointsin thegraphof thetemporainetwork canbeusedto
decompos¢henetwork into its biconnecteaomponentsyhich canbesolvedindepen-
dently. Findingthearticulationpointscanbedonein [4]. Thismethodprovides
an upperboundto the searcheffort in the size of the largestbiconnecteccomponent
[11]. It can effectively reducethe numberof constraintchecksin BT-TCSP andthe
numberof nodesvisited in its tree.A solutionto the entire network is a combination
of ary of the solutionsof the biconnectedcomponentsThe total numberof solutions
is: , Where is the numberof solutionsfor component. This conjunc-
tive decompositiorof thetemporalnetwork [12] allows usto solve the sub-problemén
parallel,asin a multi-agentsystem Articulation points usuallyappearonly whenthe
densityis low or whenthe TCSPhasa specialtopology Notethatevenin theabsence
of articulationpoints,we could induce’suchdecomposition®y removing someedges
of the graph,in a mannersimilar to the cycle-cutsetmethodof DechterandPearl[8].
We have implementedhe mechanisnfor nding andusingexisting articulationpoints
but notyet exploredhow to inducetheir existence.

4.2 NewCycle Check

Theinconsisteng of anSTPis detectedy the existenceof a negative cycle in its dis-
tancegraph.Whenthegraphof anSTPhasno cycles,the STPis necessarilgonsistent.

Proposition1. A tree-structued constaint networkis necessarilyglobally consistent.

Notethatis astrongeresultthanusingthetree-structuref theconstraingraph,which
requiresensuring2-consisteng [10]. In BT-TCSR nodesare expandedoy addingone
edgeatatime.Whentheadditionof anew edgedoesnotyield anew cyclein thegraph,
aconsistenSTPremainsconsistentegardlesof thelabelingchoserfor thenew edge.
We exploit this obsenationto save unnecessargonsisteng checks.

Corollary 1. Whenthe addition of an edge to a globally consistenSTPyieldsno new
cyclestheresultingSTPis globally consistent.

2 4
1&3\5

Fig. 5. Simpleconstaint graph.



Considerthe exampleof Fig. 5. Supposehat searchadoptsthe following orderingof
theedges: , , , ,and . Fig. 6 shaws the con gurationsof the
STPschecledfor consisteng ateachlevel in thesearch.

Searchlevell 1 2 3 4 5 6

2 2 2 2 4 2 2 4
STP 1¢ 1 3 1 31 3 1 3 1 3 95
Checking strategy Total
Always 6
NewCyc 2

Fig. 6. Comparisorof STPchedksusingthe new-cycleched heuristic.

Along agivenpath,asthetreegeneratedby searchs beingexploredin adepth- rst
manneytwo strat@iescanbe adoptedat a givenlevel: (1) Alwayscheckthe STPfor
consisteng, and(2) checkthe consisteng of the STPonly whena new cycle hasbeen
addedto the network. At levels 1 and 2, no cyclesexist in the graph,andthe STPis
necessarilconsistentFig. 6. At levels4 and6, no new cycleshave beenaddecto the
graphof levels 3 and5 respectiely, andthe correspondindgsTPsremainnecessarily
consistentegardlessof their labeling. As illustratedabove, checkingfor new cycles
savesusunnecessargperationsFurther whenthe additionof anew edgeyieldsa new
cycle, two biconnectedcomponent®f the previouslevel arenecessarilynemgedinto a
new biconnectedomponenatthecurrentlevel. We neecdto checkonly the consisteng
of the newly formedbiconnectedcomponentandwe cansafelyignorethe restof the
temporalnetwork. This allows us to localizethe effort of consisteng checkingto the
necessarpartof the network.

Corollary 2. Whenthe addition of an edge to a globally consisteniSTPyieldsa new
cycle the resulting STPis globally consistenif and only if the newly formedbicon-
nectedcomponents a consistenSTP

Theapplicationof this new heuristic,NewCyc, signi cantly enhanceshe performance
of solving the meta-CSPwith search.To apply it, we needto identify, betweentwo
levels of the searchtree, (1) that a new cycle hasbeenintroducedand (2) the two
biconnectedcomponentghat were memged as a result. This is done by running the

algorithmfor nding articulationpoints at eachlevel, checkingwhetherthe
numberof biconnecteccomponentwasreducedbetweentwo levels, andidentifying
thecomponento be checledasthatcontainingthe new edge.

4.3 Ordering Heuristic for the Meta-CSP

Variableorderingis an effective heuristicfor improving the performanceof searchlin

generaljt is governedby the fail rst principle: Theshallaverthenodeprunedin the
tree, the larger the prunedsubtree andthe larger the costsavings. For the meta-CSP
anodeis prunedwhenit corresponds$o aninconsistenSTR Thus,the orderingof the



edges(which arethe variablesof the meta-CSPpaffectshow quickly an inconsistent
STPis foundandalsothe effectivenes®f constraintpropagationn the STR

As statedin Corollary 1, alonga given path,no inconsisteng may occurbetween
onelevel andthe next unlessat leastone new cycle is formedin the temporalgraph.
Consequentlya reasonablerderingheuristicis to rst considerthoseedgeghatform
triangleswith edgesexisting in the STP This may allow usto uncoverinconsistencies
asearly as possible.lt alsoincreaseghe effectivenessof backtrackingbecausat is
morelikely to undoaninconsisteng by changingthe labelingof anedgein the same
triangleasthe onethatyieldedtheinconsisteng thanthat of a randomedge.Our new
edge-orderindneuristicordersthe edgesof the temporalgraphin sucha way thatthe
network is expandedtriangle by triangle “around' the existing edges.The algorithm,
givenin Fig. 7, returnsthelist of edgesin the orderto be usedby the searchlt uses
basicoperationson lists. Append concatenatetwo lists in the order provided. Pop
removesandreturnsthe rst itemin alist. It requiresthateachedgebe associatedvith

EdgeOrd ( )
all edgesof
nil
While do
Edgeof  appearingn thelargestnumberof trianglesin
Append (
nil
While do
Forall suchthat isasubgraptof do
Append ( , ): Append ( , )
, : Pop( )
Return
Fig. 7. Edge ordering heuristic.
the numberof trianglesin whichit appearsn , whichis boundedby , where

is the numberof nodesin  (i.e., the time points). We obtainthesenumbersasa
by-productof theimplementatiorof thetriangulationalgorithm.

Basedon the topology of the network, we choosethe edgethat participatesn the
largestnumberof trianglesandschedulehe edgesof thosetrianglesfor a priority in-
stantiationduring the searchFig. 8 illustratesthe rst stepsof the applicationof the
algorithmstartingfrom edgel. First, thetrianglesin which edgel participatesare ex-
plored.From there,we reapplyiteratively the sameprocesso eachof the edgesex-
plored,i.e. edgesll, Ill, and 1V, graduallycovering all the edgesin the biconnected
componentThe modi cation of thelabelof ary theseedgegpropagateshroughthese
triangles.Thus, inconsistenciesind deadendsre likely to be more quickly detected
duringsearchandbacktrackremaindocally contained.

We canshaw thatthis processstopswhenall the edgesin the biconnectedompo-
nenthave beenvisited. ThenEdgeOrdrestartdrom anurvisitededgefrom the original
graphandrepeatghe procesantil all edgesf the original network have beenvisited.



The functionreturnsa list in which the edgeshatarein a givenbiconnecteccompo-
nentappeain sequenceAs aresult,this orderingheuristicimplicitly enablesearcho

Fig. 8. lllustrating the exploration of theedgesof a graph by theedge ordering heuristic.

examinethebiconnecteaomponent®f thegraphin isolation,andthusdecompos¢he
graphautomatically The advantage®f this mechanisnare:

1. Localizedbadktracking: Neighboringlevelsin the searchtreearelikely to corre-
spondto edgeghatform atriangleandthusaretopologicallyrelated Whenit en-
countersadeadendsearchwill backtracko anedgethatis morelikely the culprit
thananotheredgetakenrandomlyfrom thegraph.

2. Automaticdecompositiorof the graphinto its biconnecteccomponentsThis or-
deringheuristicimplicitly guaranteethatarticulationpointsin the graph(if ary),
areexploited, asif the network wasdecomposedhto its biconnecteccomponents
without usingthe specialalgorithmnecessaryor this purposgseeSection4.1).

We believe, but still needto shaw, thatthesefeaturesnake EdgeOrda more effective
heuristicthana dynamicvariable-orderindneuristicbasednly ondomainsize.

5 Arc-Consistency

Whensolvinga CSPR it is commonto run a domain Itering mechanisn(suchasarc-
consisteng, AC) asapreprocessingtepto searchandto interleave searctwith alooka-
headstratayy (suchasforward-checkingFC [13]). Consisteng checkingmay reduce
thedomainof the variablesthusreducingthe sizeof the CSPandthe searcheffort.
Thesizeof themeta-CSHs exponentialin thesizeof the TCSPIf  is thenumber
of intervalsin thelabelof anedgein theTCSR  isthenumberof edgesand isthe
numberof nodeswhere ——, the sizeof the meta-CSHs in . Thus
it is importantto explore mechanismso reducethe size of the meta-CSFby removing
“inconsistent'intervals from the edgelabels. The only constraintin the meta-CSHs
a global constraintthat requiresall variable-alue pairs of the meta-CSPo form a
consistentSTPR Thus,for the meta-CSPAC is the generalizedarc-consistencof this
unigueconstraintwhich is NP-hard[22]. In [22], we introducethe conceptof ~ Arc-
Consisteng asan approximationof the generalizedarc-consistencof the meta-CSP
We alsointroducean ef cient algorithm, AC, thatimplements Arc-Consisteng.

Thisalgorithmensureshatfor everyinterval in thedomainof ameta-CSRariable
there exist an interval in the domainof the meta-CSPvariable and an
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interval in the domainof the meta-CSPvariable suchthat
, Wwhere is interval intersectionand is interval composition[5]. We establish
thatthe compleity of AC s . Thevalueof

AC liesin the datastructurest usesreminiscentof AC-4[14] andAC-2001[1], to
save signi cantly the numberof constraintchecks. We have notyetused AC in a
lookaheadstrateyy, but planto do soin thefuture.

6 Experimental Results

Fig. 9 shavsthe TCSPsolverswe testedwith andwithout pre-processingy AC.

TCSP Solvers

STP Solver Exploiting Articulation Checking for New

DPC Points (AP) Cycles (NewCyc) !

DPC-TCSP - DPC+AP-TCSP ~——= DPC+AP+NewCyc-TCSP !

Preprocessing Triangulation plan i “._ '

EWith AAC o‘ri PPC PPC-A-TCSP — = PPC+AP-A-TCSP—— = PPC+AP+NewCyc-A-TCSP

|Without AAC 7] W L :

L n PPC-B-TCSP o PPC+AP-B-TCSP————= PPC+AP+NewCyc-B-TCSP
ASTP. Plan A + EdgeOrd (automatic decomposition) + NewCyc ASTP-TCSP

Fig.9. TCSPsolvestested.

The STPsolverswe usedareDPC PPC and STPall asdescribedn Section3.
The network is triangulatedonly prior to PPCand STP. We combinedtheseSTP
solverswith the techniquegroposedn Section4 (i.e., AP, NewCyc, and EdgeOrd).
Sincewe have not yet implementeda lookaheadstratayy, all the TCSPsolwerstested
usea staticvariableordering.By default, andexceptfor STP-TCSRwherewe use
EdgeOrd)jt is alexicographicabrderingof thelexicographicallysortedtuplesnaming
theedgesy theirtwo endpointsWe comparedhe performancef the TCSPsolversin
termsof thenumberof nodesvisited NV, constrainchecksCG andCPUtime. Sinceall
CPUtime curveshave almostexactlythesameshapessthe CCcurves they are omitted
to savespacebut are all availableuponrequestWe carriedout our testson randomly
generated(guaranteedgonnectegroblems.Our generatordescribedn [22], guaran-
teesthatatleast80% of theseproblemshave at leastonesolution. The TCSPinstances
generatechave the following characteristics: , randomlychosenbetweenl
and5, densityof the temporalnetwork ( ——) variesin [0.02,0.1] with
astepof 0.02andin [0.2, 0.9] with a stepof 0.1. The numberof variablesin the meta-
CSR for whichwe nd all solutions variesfrom 7 to 26. The size of the meta-CSP
varieson averagebetweerl.6 and5.2 . We averagedheresultsof over 100
samplesThe goal of our experimentswasto studythe effectson the varioussolvers
of the improvementswe proposed® (i.e., STP AP, NewCyc, EdgeOrd, AC), and
to establishtheir effectivenessAn extensive comparisorof the the performancef the
variousSTPsolverscanbefoundin [21].

! We areinvestigatinganimprovementthat may establistits optimality.
2 Notethatalthoughdecompositioraccordingto articulationpointsis awell-knowvn technique,
to the bestof ourknowledge, it hasnot beenyet assesseekperimentally
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Section6.1 discusseshe numberof solutionsof the problemstested.Naturally,
all solvers nd the samesolutions.Section6.2 shavs the effect of our techniqueson
the shapeof the treeby measuringhe numberof nodesvisited. Section6.3 shavs the
effect of our techniqueon the variousTCSPsolers(i.e., DPC PPC and STP) on
thenumberof constraintthecksln Sections.2and6.3we alsoshov how ltering the
meta-CSRwith  AC dramaticallyimprovesthe performanceof searchThe effect of
this preprocessings clearly visible in comparison®f the scaleof the vertical axis of
thechartswithout andafterpreprocessindiVhile the bene tsof this Itering algorithm
arediscussedh [22], we con rm herethatit is usefulin every TCSPsolver we tested.

6.1 Solutionsto the TCSP

Whendensityis low, therearefew constraintsary partial solutionis likely to be ex-
tendedto a global solution,andthereare mary solutionsto the meta-CSRasis seen
in Fig. 10. Indeed,underlow density the temporalnetwork (which is guaranteedon-

o of 02 03 04 05 06 07 08 0.9 1

Den3diy
Fig. 10. Thenumberof solutionsof the meta-CSP

nectedby constructionhasalmostno cycles.Thus,almostany combinatiorof intervals
in the label of the edgesis a solutionto the meta-CSRseePropositionl). The num-
ber of solutionsquickly dropsasdensityrises.When =0.9,thereareonly oneor two
solutions,oneof whichis guaranteetby construction.

6.2 Effectsonthe Sizeof the Search Tree

Theeffectsof AP andEdgeOrdonthe shape'of thetreecanbeassesseby thenumber
of nodesvisited NV by searchThey areshovnin Fig. 11.
Note that the effectsof NewCyc on the variousSTP solvers(i.e., DPG PPC and

STP) areirrelevant to this measurementndeed,they aim at reducingthe cost of
checkingthe consisteng of the STPat a nodein the tree oncesearchhaseffectively
reachedhenode.The™ ' in thelegendof Fig. 11indicateghattheseresultsholdfor all
STPsolverstestedFig. 11 shovsthatAP reducesigni cantly NVwhendensityis low.
Whendensityis high,almostno articulationpointexists,henceAP doesnotimpactNV.
The effect of EdgeOrdis quite dramaticacrossall valuesfor densitybecausét allows
BT-TCSPto quickly identify dead-endsasa goodorderingheuristicis supposedo do.
Moreover, andthanksto AC, we startto notice the existenceof a phasetransition
thatappearsround andbecomesncreasinglyvisible aswe move towardmore
effective TCSPsolwers.
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6.3 Effectsonthe Number of Constraints Checks(SameasCPU Time)

Herewe discusghe effectsof our techniquesn the variousTCSPsolvers:DPG PPC
and STP. We shaw the bene ts of AP andNewCyc on DPC(Fig. 12). We show the
bene tsof AP, NewCyc on PPCfor bothPlan A (Fig. 13) andPlan B (Fig. 14) Finally,
we show thebene tsof EdgeOrdandNewCycunderPlanAon  STP (Fig. 15).

900000
5000000

—— DBR TISE3 800000 | +Dmm
4000000 | _:_, %ggwtpm 700000 - = DERERARS-TIEE3
600000 |- -+ DERS AR NelBhd— TR

aooo000 - Without AAC 500000 |-

400000 |-
2000000 -
300000 [

200000 -

After AAC

1000000 |
100000 i

,,,,,,

Fig. 12. Constaint chedksfor DPC-TCSP

ExploitingArticulation Points: For DPC(Fig 12) andPPC(Fig. 13and14),AP is again
particularlyeffective for low densitygraphsbut uselesgor high densityones.

New Cycle Chek: NewCyc dramaticallyreducesCCacrossall densityvalues(even
thoughit hasno effect on the numberof nodesvisited,asstatedn Section6.2).

Triangulation Plans: The triangulationof an STP during search requiredfor PPC
solver, is carriedout accordingto Plan A (Fig. 13) andPlan B (Fig. 14) of Section3.2.
By comparinghescaleof theverticalaxisof thesewo gures, we concludethatPlanA
is superiorto Plan B. This canbe explainedas follows. Plan A triangulatesbefore
searchall the networks that will be checledfor consisteng during search(thereare
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Fig. 14. Constaint chedksfor PPC-TCSRusingPlan B.

exactly  suchgraphs)PlanB nds thetriangulationof an STPatagivennodedur-
ing searchby inducinga subgraphrom the triangulatedoriginal STR Hence,Plan B
triangulateghe network only once,while Plan A carriesout asmary triangulationop-
erationsasthe numberof edgesn the network (andlevelsin the search)However, the
inducedsubgraphsn Plan B endup muchdenseithanthe onesusedby Plan A, thus
requiring more effort from PPC the STP solver. Further the factthat Plan A yields
no densergraphsthanPlan B becomesan even more desirablefeaturewhen TCSPis
denseThis explainsthe signi cant differencesn behaior betweerPlan A andPlan B
underhighdensityTCSPs.

TheWnning Combination: In [21] we comparedhe performancesf F-W, DPC PPC
and STPfor solvinganSTP We foundthatDPG PPC and STP consistentlyout-
performF-W, the Floyd-Warshallalgorithm.Further  STP consistentlyoutperforms
PPC Indeedtheformeris a ner versionof the latter Importantly whenthe density
of thetemporalgraphis belowv 0.4, STP(which guaranteeminimality) outperforms
DPC(which doesnot). For sensiblyhigh densitieswe found DPCto be moreeffective.
Sincein thesearcHor solvingthe meta-CSRve consideisubgraphsf theoriginal net-
work, the networks at the differentlevels of the treearemorelikely to be sparsethan
denseThis shavs thatevenwhenthe TCSPis dense, STPis a goodchoicefor the
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Fig.15.Constaint cheksfor STP-TCSP

STPsolver. Hence amongthetechniquesestedthe bestcombinationronecould useto
solveaTCSPistheonewecalled STP-TCSKFig.9).Indeed STPoutperformsll
TCSPsolversincludingthe onebasedn DPC(comparerig. 12 and15).

7 Conclusions

At the beginning of our investigationsthe bestmechanisnknown to datefor solving
themeta-CSPwasonebasecn DPC Weintroduced STR enhanced with NewCyc
andEdgeOrdandshovedempiricallythatit resultsin dramaticimprovementsindeed,
in comparisorto the original DPC the bestcombinationof our techniqueseduceghe
numberof constraintchecksby a factorof 500 (median)and40,000(average)andthat
of CPUDby afactorof 320(median)and 1,200(average).

Further we shavedthatourtechniquesincoverthe existenceof a phase-transition-
like phenomenoror solving the TCSPasthe densityof the network varies. This is
mostvisiblewith  STP-TCSPThis obsenationcallsfor moredetailedinvestigations
in this direction.As directionsfor futureresearchwe planto:

1. Exploit ACin alookaheadstratey for solvingthemeta-TCSPANd,
2. Evaluateempiricallyhow to improve BT-TCSPwith dynamicbundling[3].

Beyondthe TCSR  STPis directly applicablefor solving the disjunctive temporal
problem(DTP) with backtracksearch[19,16,20], but requirestriangulatingthe STP
incrementallyat eachnodein the tree.We believe that NewCyc is alsoapplicableas
long asthe constraintaddedappliesto two pointsthat are not yet constrainedn the
currentpathin thetree. Thesedirectionsrequirefurtherinvestigatiorandevaluation.

% Note thatwe do not includein our comparisoralgorithmsthat tightentheseintenals in the
labelsof theedgesThosemaynotterminatan thegenerakaseandareprohibitively expensve
in theintegral case{18].

4 Schwalb andDechter{18] reporta similar phenomenomhenvaryingthe numberof variables
andthetightnesf the constraints.
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