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Outline	
  

•  IntroducRon	
  &	
  background	
  informaRon	
  
•  Key	
  ideas	
  
–  Localize	
  consistency	
  to	
  clusters	
  of	
  a	
  tree	
  decomposiRon	
  
–  Bolster	
  propagaRon	
  at	
  separators	
  

•  EvaluaRon	
  
–  TheoreRcal:	
  Comparing	
  resulRng	
  consistency	
  properRes	
  
–  Empirical:	
  Solving	
  CSPs	
  in	
  a	
  backtrack-­‐free	
  manner	
  

•  Conclusions	
  &	
  future	
  work	
  
² Robert’s	
  RNIC	
  on	
  binary	
  CSPs	
  
² Summary	
  of	
  contribuRons	
  of	
  Shant’s	
  thesis	
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IntroducRon	
  

•  One	
  tractability	
  condiRon	
  links 	
  [Freuder	
  82]	
  
–  Consistency	
  level	
  to	
  
– Width	
  of	
  the	
  constraint	
  network,	
  a	
  structural	
  parameter	
  

•  Catch	
  22	
  
–  Enforcing	
  higher-­‐levels	
  of	
  consistency	
  may	
  require	
  
adding	
  constraints,	
  which	
  increases	
  the	
  width	
  

–  CompuRng	
  treewidth	
  (≡	
  induced	
  width)	
  is	
  in	
  NP-­‐hard	
  

•  Goal	
  
–  Exploit	
  above	
  condiRon	
  to	
  achieve	
  pracRcal	
  tractability	
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Our	
  Approach	
  

4	
  

•  Exploit	
  a	
  tree	
  decomposiRon	
  	
  
–  Localize	
  applicaRon	
  of	
  the	
  consistency	
  
algorithm	
  

–  Steer	
  constraint	
  propagaRon	
  along	
  the	
  
branches	
  of	
  the	
  tree	
  

– Add	
  redundant	
  constraints	
  at	
  
separators	
  to	
  enhance	
  propagaRon	
  

•  Robert	
  discussed	
  consistency	
  properRes	
  that	
  
–  Preserve	
  the	
  structure	
  of	
  a	
  problem	
  instance	
  
–  Enforce	
  a	
  (parameterized)	
  consistency	
  level	
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Tree	
  DecomposiRon	
  
•  A	
  tree	
  decomposiRon:	
  

T,𝝌,𝜓 	
  
–  T:	
  a	
  tree	
  of	
  clusters	
  
–  𝝌:	
  maps	
  variables	
  to	
  clusters	
  
–  𝜓:	
  maps	
  constraints	
  to	
  clusters	
  

•  CondiRons	
  
–  Each	
  constraint	
  appears	
  in	
  at	
  

least	
  one	
  cluster	
  with	
  all	
  the	
  
variables	
  in	
  its	
  scope	
  	
  

–  For	
  every	
  variable,	
  the	
  clusters	
  
where	
  the	
  variable	
  appears	
  
induce	
  a	
  connected	
  subtree	
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Tree	
  DecomposiRon:	
  Separators	
  

•  A	
  separator	
  of	
  two	
  adjacent	
  clusters	
  is	
  the	
  set	
  of	
  
variables	
  associated	
  to	
  both	
  clusters	
  

•  Width	
  of	
  a	
  decomposiRon/network	
  
–  Treewidth	
  =	
  maximum	
  number	
  of	
  variables	
  in	
  clusters	
  -­‐	
  1	
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RelaRonal	
  Consistency	
  R(∗,m)C	
  

•  A	
  CSP	
  is	
  R(∗,m)C	
  iff	
  	
  
–  Every	
  tuple	
  in	
  a	
  relaRon	
  can	
  be	
  extended	
  
–  to	
  the	
  variables	
  in	
  the	
  scope	
  of	
  any	
  (m-­‐1)	
  other	
  relaRons	
  	
  
–  in	
  an	
  assignment	
  saRsfying	
  all	
  m	
  relaRons	
  simultaneously	
  

•  	
  R(∗,m)C	
  ≡	
  Every	
  set	
  of	
  m	
  relaRons	
  is	
  minimal	
  	
  

..…	
  

∀	
  m-­‐1	
  relaRons	
  

∀	
  tuple	
  

∀	
  relaRon	
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Characterizing	
  R(*,m)C	
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GAC	
   maxRPWC	
  

R3C	
  

R(∗,2)C	
  
wR(∗,2)C	
  

R2C	
  

R(∗,3)C	
   R(∗,4)C	
  

R4C	
  

wR(∗,3)C	
   wR(∗,4)C	
  

R(∗,m)C	
  

RmC	
  

wR(∗,m)C	
  

•  GAC 	
  [Waltz	
  75]	
  

•  maxRPWC 	
  [Bessiere+	
  08]	
  
•  RmC:	
  RelaRonal	
  m	
  Consistency 	
  [Dechter+	
  97]	
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Localize	
  Consistency	
  

•  RestricRng	
  R(∗,m)C	
  to	
  clusters:	
  cl-­‐R(∗,m)C	
  
•  LocalizaRon	
  cl-­‐R(*,m)C	
  
–  Fewer	
  combinaRons	
  of	
  m	
  relaRons	
  
–  Reduces	
  the	
  enforced	
  consistency	
  level	
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10	
  

Characterizing	
  cl-­‐R(∗,m)C	
  

GAC	
  

maxRPWC	
  

R3C	
  

R(∗,2)C	
  ≡	
  
wR(∗,2)C	
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cl-­‐wR(∗,3)C	
  cl-­‐wR(∗,2)C	
   cl-­‐wR(∗,4)C	
   cl-­‐wR(∗,m)C	
  

•  GAC 	
  [Waltz	
  75]	
  

•  maxRPWC 	
  [Bessiere+	
  08]	
  
•  RmC:	
  RelaRonal	
  m	
  Consistency 	
  [Dechter+	
  97]	
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CommunicaRon	
  Between	
  Clusters	
  

•  Two	
  clusters	
  communicate	
  via	
  their	
  separator	
  
–  Constraints	
  common	
  to	
  the	
  two	
  clusters	
  
–  Domains	
  of	
  variables	
  common	
  to	
  the	
  two	
  clusters	
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Bolstering	
  PropagaRon	
  at	
  Separators	
  

•  For	
  perfect	
  communicaRon	
  between	
  clusters	
  
–  Ideally,	
  add	
  unique	
  constraint	
  	
  
–  Space	
  overhead,	
  major	
  bopleneck	
  

•  Enhance	
  propagaRon	
  by	
  bolstering	
  
–  ProjecRon	
  of	
  exisRng	
  constraints	
  
–  Adding	
  binary	
  constraints	
  
–  Adding	
  clique	
  constraints	
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Bolstering	
  Schemas:	
  Approximate	
  
Unique	
  Separator	
  Constraint	
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ResulRng	
  Consistency	
  ProperRes	
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Experiments	
  
•  Domain-­‐based	
  filtering	
  

–  GAC	
  
–  maxRPWC	
  

•  RelaRon-­‐based	
  filtering	
  	
  
–  Global:	
  wR(*,m)C	
  for	
  m=2,3,4	
  
–  Local:	
  cl-­‐wR(*,m)C	
  m=2,3,4	
  and	
  	
  cl-­‐R(*,|ψ(cli)|)C	
  
–  Bolstering	
  

•  projecRon	
  
•  binary	
  
•  clique	
  

•  Backtrack	
  search,	
  full-­‐lookahead,	
  first	
  soluRon	
  
•  Reported	
  

–  Number	
  of	
  instances	
  Completed,	
  BT-­‐free,	
  Min(#NV),	
  Fastest	
  
–  CumulaRve	
  count	
  of	
  BT-­‐Free	
  as	
  a	
  funcRon	
  of	
  treewidth	
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CharacterisRcs	
  of	
  Benchmark	
  Data	
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•  UNSAT:	
  479	
  instances	
  
•  SAT:	
  200	
  instances	
  



Empirical	
  EvaluaRons	
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CumulaRve	
  Count	
  of	
  Instances	
  Solved	
  w/o	
  Backtracking	
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Conclusions	
  &	
  Future	
  Work	
  
•  Adapted	
  R(∗,m)C	
  to	
  a	
  tree	
  decomposiRon	
  of	
  the	
  CSP	
  

–  Localizing	
  R(∗,m)C	
  to	
  the	
  clusters	
  
–  Bolstering	
  separators	
  to	
  strengthen	
  the	
  enforced	
  consistency	
  

•  DirecRons	
  for	
  future	
  work	
  
–  R(∗,m)C	
  on	
  non-­‐table	
  constraints	
  via	
  domain	
  filtering	
  
–  AutomaRng	
  the	
  selecRon	
  of	
  a	
  consistency	
  property	
  and	
  of	
  a	
  
bolstering	
  scheme	
  
•  On	
  clusters/seperators	
  
•  During	
  search	
  

–  Modify	
  the	
  structure	
  of	
  a	
  tree	
  decomposiRon	
  to	
  improve	
  
performance	
  (e.g.,	
  merging	
  clusters	
  [Fapah	
  &	
  Dechter	
  1996])	
  

–  Improve	
  our	
  algorithms	
  for	
  R(∗,m)C 	
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Shant’s	
  Thesis	
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•  QuesRon	
  
–  PracRcal	
  tractability	
  of	
  CSPs	
  exploiRng	
  the	
  condiRon	
  linking	
  

•  the	
  level	
  of	
  consistency	
  	
  
•  to	
  the	
  width	
  of	
  the	
  constraint	
  graph	
  

•  SoluRon	
  
–  Introduced	
  a	
  parameterized	
  consistency	
  property	
  R(∗,m)C	
  
–  Designed	
  algorithms	
  for	
  implemenRng	
  it	
  

•  PERTUPLE	
  and	
  ALLSOL	
  
•  Hybrid	
  algorithms	
  

–  Adapted	
  R(∗,m)C	
  to	
  a	
  tree	
  decomposiRon	
  of	
  the	
  CSP	
  
•  Localizing	
  R(∗,m)C	
  to	
  the	
  clusters	
  
•  Strategies	
  for	
  guiding	
  propagaRon	
  along	
  the	
  structure	
  
•  Bolstering	
  separators	
  to	
  strengthen	
  the	
  enforced	
  consistency	
  

–  Improved	
  the	
  BTD	
  algorithm	
  for	
  soluRon	
  counRng,	
  WITNESSBTD	
  
+  Two	
  incidental	
  results	
  in	
  appendices	
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Algorithms	
  for	
  Enforcing	
  R(∗,m)C	
  
•  PERTUPLE	
  
–  For	
  each	
  tuple	
  find	
  a	
  soluRon	
  for	
  the	
  
variables	
  in	
  the	
  m-­‐1	
  relaRons	
  

– Many	
  saRsfiability	
  searches	
  
•  EffecRve	
  when	
  there	
  are	
  many	
  soluRons	
  
•  Each	
  search	
  is	
  quick	
  &	
  easy	
  

•  ALLSOL	
  	
  
–  Find	
  all	
  soluRons	
  of	
  problem	
  induced	
  by	
  m	
  
relaRons,	
  &	
  keep	
  their	
  tuples	
  

–  A	
  single	
  exhausRve	
  search	
  
•  EffecRve	
  when	
  there	
  are	
  few	
  or	
  no	
  soluRons	
  

•  Hybrid	
  Solvers	
  (porwolio	
  based)	
   	
  [+Scop]	
  

t1	
  

ti	
  
t2	
  

t3	
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Hybrid	
  Solver	
  

•  Choose	
  between	
  PERTUPLE	
  &	
  ALLSOL	
  
•  Parameters	
  to	
  characterize	
  the	
  problem	
  
–  	
  κ	
  predicts	
  if	
  instance	
  is	
  at	
  the	
  phase	
  transiRon	
  
–    relLinkage	
  approximates	
  the	
  likelihood	
  of	
  a	
  tuple	
  at	
  the	
  
overlap	
  two	
  relaRons	
  to	
  appear	
  in	
  a	
  soluRon	
  

•  Classifier	
  built	
  using	
  Machine	
  Learning	
  
–  C4.5	
  
–  Random	
  Forests	
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#Instances	
  solved	
  by…	
  	
   Average	
  CPU	
  sec	
  

Pa
rR
Ro

n	
  

AL
LS
O
L	
  

PE
RT

U
PL
E	
  

SO
LV
ER

C4
.5
	
  

	
   SO
LV
ER

RF
	
  

	
   #I
ns
ta
nc
es
	
  

AL
LS
O
L	
  

PE
RT

U
PL
E	
  

SO
LV
ER

C4
.5
	
  

SO
LV
ER

RF
	
  

A 5,777	
   5,776	
   5,777	
   5,777	
   5,776	
   1.27	
   4.97	
   2.14	
   2.27	
  
P 10,095	
   15,457	
   15,439	
   14,012	
   10,095	
   109.61	
   5.21	
   7.72	
   31.53	
  

A ∪ P 15,872	
   21,333	
   21,216	
   19,789	
   15,871	
   70.18	
   5.12	
   5.69	
   20.88	
  

Task:	
  compute	
  the	
  minimal	
  CSP	
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Structure-­‐Guided	
  PropagaRon	
  
•  Orderings	
  

–  RANDOM:	
  FIFO/arbitrary	
  
–  STATIC,	
  PRIORITY,	
  DYNAMIC:	
  Leaves⟷root	
  

•  Structure-­‐based	
  propagaRon	
  
–  STATIC	
  

•  Order	
  of	
  MAXCLIQUES	
  

–  PRIORITY:	
  	
  
•  Process	
  a	
  cluster	
  once	
  in	
  each	
  direcRon	
  
•  Select	
  most	
  significantly	
  filtered	
  cluster	
  

–  DYNAMIC	
  
•  Similar	
  to	
  PRIORITY	
  
•  But	
  may	
  process	
  ‘acRve’	
  clusters	
  more	
  than	
  once	
  	
  

{A,B,C,N},{R1}	
  

C2	
   C7	
  

C3	
   C8	
  

C1	
  

C4	
  

C5	
   C6	
   C9	
   C10	
  

C8	
  

C2	
  

A,B,C,N	
  

A,I,N	
  

B,C,D,H	
  

I,M,N	
  

B,D,F,H	
  

C1	
  

C3	
  

C7	
  

A,I,K	
  C4	
  

I,J,K	
  C5	
  

A,K,L	
  C6	
  

B,D,E,F	
  C9	
  

F,G,H	
  C10	
  

Le
av
es

	
  
Ro

ot
	
  

MAXCLIQUES	
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•  BTD	
  is	
  used	
  to	
  count	
  the	
  number	
  of	
  soluRons 	
  [Favier+	
  09]	
  	
  
•  Using	
  COUNT	
  algorithm	
  on	
  trees	
   	
  [Dechter+	
  87]	
  
•  Witness-­‐based	
  soluRon	
  counRng	
  
•  Find	
  a	
  witness	
  soluRon	
  before	
  counRng	
  

Cp	
  

ap	
  

wasted	
   no	
  soluRon	
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•  Task:	
  Count	
  soluRons	
  	
  
–  BTD	
  versus	
  WITNESSBTD	
  	
  
–  GAC:	
  Pre-­‐processing	
  &	
  full	
  look-­‐ahead	
  
	
  

BTD	
   WITNESSBTD	
  

Avg.	
  #NV	
   UNSAT	
  (89)	
   1,437,909.79	
   734,983.25	
  
SAT	
  (101)	
   4,785,737.57	
   4,735,136.28	
  

Avg.	
  Time	
  (sec)	
   UNSAT	
  (89)	
   145.55	
   123.86	
  
SAT	
  (101)	
   1,151.35	
   1,148.46	
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  +	
  maxRPWC,	
  m=2,4	
   wR(*,3)C	
   R(∗,|𝜓(cli	
  )|)C	
  (cli	
  )|)C	
  
#i
ns
t.	
  

G
AC

	
  

	
  	
  

gl
ob

al
	
  

lo
ca
l	
  

Pr
oj
.	
  

bi
na

ry
	
  

cl
iq
ue

	
  

lo
ca
l	
  

Pr
oj
.	
  

bi
na

ry
	
  

cl
iq
ue

	
  

Co
m
pl
et
ed

	
  

UNSAT	
  
479	
  

200	
  
41.8%	
  

	
  	
   192	
  
40.1%	
  

248	
  
51.8%	
  

237	
  
49.5%	
  

236	
  
49.3%	
  

220	
  
45.9%	
  

	
  	
   302	
  
63.0%	
  

290	
  
60.5%	
  

286	
  
59.7%	
  

277	
  
57.8%	
  	
  	
   	
  	
  

SAT	
  
200	
  

111	
  
55.5%	
  

	
  	
   85	
  
42.5%	
  

112	
  
56.0%	
  

100	
  
50.0%	
  

96	
  
48.0%	
  

81	
  
40.5%	
  

	
  	
   110	
  
55.0%	
  

90	
  
45.0%	
  

88	
  
44.0%	
  

78	
  
39.0%	
  	
  	
   	
  	
  

BT
-­‐F
re
e	
   UNSAT	
  

479	
  
0	
  

0.0%	
  
	
  	
   97	
  

20.3%	
  
104	
  

21.7%	
  
139	
  

29.0%	
  
139	
  

29.0%	
  
131	
  

27.3%	
  
	
  	
   186	
  

38.8%	
  
221	
  

46.1%	
  
222	
  

46.3%	
  
212	
  

44.3%	
  	
  	
   	
  	
  
SAT	
  
200	
  

15	
  
7.5%	
  

	
  	
   42	
  
21.0%	
  

17	
  
8.5%	
  

47	
  
23.5%	
  

47	
  
23.5%	
  

45	
  
22.5%	
  

	
  	
   25	
  
12.5%	
  

61	
  
30.5%	
  

61	
  
30.5%	
  

52	
  
26.0%	
  	
  	
   	
  	
  

M
in
(#
N
V)
	
   UNSAT	
  

479	
  
2	
  

0.4%	
  
	
  	
   101	
  

21.1%	
  
111	
  

23.2%	
  
145	
  

30.3%	
  
145	
  

30.3%	
  
136	
  

28.4%	
  
	
  	
   235	
  

49.1%	
  
263	
  

54.9%	
  
264	
  

55.1%	
  
244	
  

50.9%	
  	
  	
   	
  	
  
SAT	
  
200	
  

19	
  
9.5%	
  

	
  	
   42	
  
21.0%	
  

23	
  
11.5%	
  

52	
  
26.0%	
  

49	
  
24.5%	
  

49	
  
24.5%	
  

	
  	
   57	
  
28.5%	
  

74	
  
37.0%	
  

73	
  
36.5%	
  

65	
  
32.5%	
  	
  	
   	
  	
  

Fa
st
es
t	
   UNSAT	
  
479	
  

100	
  
20.9%	
  

	
  	
   26	
  
5.4%	
  

120	
  
25.1%	
  

71	
  
14.8%	
  

23	
  
4.8%	
  

23	
  
4.8%	
  

	
  	
   189	
  
39.5%	
  

126	
  
26.3%	
  

58	
  
12.1%	
  

52	
  
10.9%	
  	
  	
   	
  	
  

SAT	
  
200	
  

73	
  
36.5%	
  

	
  	
   20	
  
10.0%	
  

20	
  
10.0%	
  

18	
  
9.0%	
  

9	
  
4.5%	
  

9	
  
4.5%	
  

	
  	
   27	
  
13.5%	
  

15	
  
7.5%	
  

9	
  
4.5%	
  

9	
  
4.5%	
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GeneraRng	
  a	
  Tree	
  DecomposiRon	
  

•  Triangulate	
  the	
  primal	
  graph	
  using	
  min-­‐fill	
  
•  IdenRfy	
  the	
  maximal	
  cliques	
  using	
  MAXCLIQUES	
  
•  Connect	
  the	
  clusters	
  using	
  JOINTREE	
  	
  
•  Add	
  constraints	
  to	
  clusters	
  where	
  their	
  scopes	
  appear	
  	
  

C1	
  

C2	
  

C7	
  

C3	
  

C4	
  

C5	
  
C6	
  

C8	
  

C9	
   C10	
  

A	
   B	
   C	
  

E	
  
D	
  

F	
  G	
  H	
  

I	
   J	
   K	
  

M L	
  

N	
  
R7	
  

R2	
  

R3	
  

R4	
  

R5	
  

R6	
  

R1	
  

A	
  
B	
  

C	
  

E	
  

D	
  

F	
  

G	
  

H	
  
I	
  

J	
  
K	
  

M

L	
  

N	
  

C8	
  

C2	
  

A,B,C,N	
  

A,I,N	
  

B,C,D,H	
  

I,M,N	
  

B,D,F,H	
  

C1	
  

C3	
  

C7	
  

A,I,K	
  C4	
  

I,J,K	
  C5	
  

A,K,L	
  C6	
  

B,D,E,F	
  C9	
  

F,G,H	
  C10	
   El
im

in
aU

on
	
  o
rd
er

	
  

MAXCLIQUES	
  

{A,B,C,N},{R1}	
  

C2	
   C7	
  

C3	
   C8	
  

C1	
  

C4	
  

C5	
   C6	
   C9	
   C10	
  

JOINTREE	
  min-­‐fill	
  


