Dynamically Detecting and Exploiting Symmetry in Finite Constraint Satisfaction Problems

Amy M. Davis & Berthe Y. Choueiry Constraint Systems Laboratory Department of Computer Science and Engineering, University of Nebraska-Lincoln

1. Subject of Thesis

Area: Constraint Satisfaction for combinatorial problems.

Relevance: Planning and scheduling of activities during a space mission.

Questions: How to detect and use dynamic symmetry to

1. Find robust solutions, i.e. families of qualitatively equivalent solutions, and 2. Improve performance of problem solving.

Methodology: Theoretical and empirical evaluations of effects on search.

Results

1. We dispel fears/doubts about the usefulness of dynamic symmetries and establish the superiority and effectiveness of our approach.

2. We identify new opportunities for practical applications (e.g., relational databases) and directions for theoretical investigations (e.g., overcoming the complexity barrier and interacting with users).

2. CSP Definition

A CSP is defined by P = (V, D, C), where

— V is a set of variables

V = {V_1, V_2, . . . , V_n}

— D is a set of variable domains (values that a variable may take)

D = {D_{V1} , D_{V2} , . . . , D_{Vn} }

— C is a set of constraints

C_{Va,Vb,...,Vi} = {(x, y, . . . , z)} ⊂ D_{Va} × D_{Vb} , × . . . × D_{Vi}

Question: Can we assign a value to each variable such that all constraints are satisfied?

A CSP is an NP-complete problem.

3. Practical Applications of CSP

— Scheduling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [Fox 1987]

— Resource allocation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [Choueiry 1994]

— AI planning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [Kambhampati 1999]

— Collaborative problem-solving . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [Petrie 1996]

— Database . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [Kanellakis et al. 1990]

— Bioinformatics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [Backofen 2001]

4. Solving a CSP

A CSP is solved with backtrack search, which is an exponential procedure.

Various techniques can be used to improve the performance of search:

(1) Algorithms for constraint propagation and for pruning the search space, e.g. lookahead filtering.

(2) Heuristics for variable and/or value ordering. (3) Mechanisms for intelligent backtracking.

(4) Identification of simplifying properties of a particular CSP, such as its topological structure or the semantics of its constraints.

(5) Exploitation of symmetry relations, e.g. interchangeability.

We study item (5) and its combinations with items (1) and (2).

5. Lookahead filtering reduces the search space

Backtrack search creates a search tree, shown left.

Lookahead strategies remove, from the tree, subtrees that are inconsistent with past and current decisions. There are two major lookahead strategies:

(1) Partial lookahead: Forward Checking (FC), shown right (2) Full lookahead: Maintaining Arc Consistency (MAC), more aggressive.

Intermediate strategies also exist. FC is sufficient in practice. MAC is claimed to be the absolute champion.

6. Interchangeability reduces the search space

Two interchangeable values for a variable behave the same

— globally (likely intractable) or locally (tractable). — in all contexts (strong) or in restricted contexts (weak).

Interchangeable values are redundant, can be placed in a bundle, and treated as a single value.

7. Advantages of Bundling

Because we bundle solutions to a CSP, we: — Reduce the size of the search space, and — Generate compact solutions.

Bundled solutions are robust. If the value f chosen for variable V_2 fails, or is no longer available, we can easily generate a second solution by assigning to V_2 any other value (e.g., h) from the bundle V_2 of while keeping the rest of the solution unchanged.

8. Static or Dynamic Interchangeability?

Static bundling NI_C [Haselböck 1993] — Before search, find interchangeable values. — Store interchangeable values for duration of search.

Dynamic bundling [Freuder 1991] — Re-compute interchangeable values at each step of search. — Exploit values that become interchangeable during search.

— Too expensive to be practical? [Meseguer 1989]

9. Comparisons and Evaluation criteria

Lookahead filtering:

FC versus MAC

Ordering heuristics:

Static Least Domain (SLD), Dynamic Least Domain (DLD), dynamic variable-bundle ordering (LD-MB)

Exploitation of interchangeability:

Non bundling, static bundling (NI_C ), and dynamic bundling (DNPI)

Compared according to the following evaluation criteria:

Nodes Visited NV, Constraints Checked CC, Size of Solution Bundles SB, and CPU time (in empirical tests)

10. Theoretical Results

Dynamic bundling is

— Guaranteed no more expensive than forward checking. — Guaranteed no more expensive than static interchangeability. — Guaranteed to produce larger solution bundles static interchangeability.

11. Empirical Results

When computationally feasible, we find all solutions. Otherwise, we find a first solution/bundle.

Our empirical evaluations took place on the following problems:

— Real-world application (Xerox PARC) — Puzzles, which are designed to contain no interchangeability. — Random problems, varying

∗ tightness: loose · · · tight problems ∗ density: sparse · · · dense problems ∗ level of interchangeability, Induced Domain Fragmentation IDF. [Zou et al. 2001]

12. Bundling Power

13. Phase Transitions

14. Ranking of Best Strategies

DNPI-FC-DLD: the best overall

Empirically better than all others when:

— Solving a real-world application, or puzzles. — Finding one solution and all solutions.

— Solving random problems with varying tightness, density, IDF — Solving problems residing in phase transition.

15. Dynamic bundling extends to non-binary CSPs

Real problems are more naturally modeled with non-binary constraints. (E.g., tables in relational databases.)

Research on non-binary problems still in infancy stage.

We show that DNPI easily extends to non-binary problems.

Further, we demonstrate that DNPI performs better than FC on non-binary CSPs.

16. Results: Dynamic Bundling is Worthwhile!

Dynamic bundling (DNPI) is beneficial in terms of cost:

— Never takes more constraint checks than FC. — Never visits more nodes than FC. — Almost always takes less time than FC. — Finds bundles of solutions.

DNPI works very well with dynamic variable ordering:

— Not provable theoretically, but empirically obvious. — DNPI with DLD is best of all combinations.

Remains superior in more difficult situations:

— Finding one solution — Puzzles — Phase transition — Problems with no embedded interchangeability

17. Future Work

Dynamic interchangeability may also be useful in these disciplines:

— Relational Database, — AI Planning, and — Human Computer Interaction.

The ideas of interchangeability can be extended to explore:

— Functional interchangeability, [Freuder 1991, Benhamou 1994] — Continuous CSPs, and — The relationship to the backbone of a problem.

18. Acknowledgments

We acknowledge the help of Chester Davis, Robert Glaubius, Xu Lin, and Hui Zou.

This research was supported in part by NASA Nebraska Space Grant WBS # 26-0511- 0025-001 and the Center for Communication and Information Science (CCIS).

The authors may be contacted at amydavis@cse.unl.edu and choueiry@cse.unl.edu